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IpeacraBiensl vHTErpabHble GOPMYJIBL JIJIg AINTPOKCUMAIMN [OBEPXHOCTHBIX I'paaueHTa (0T
CKaJIAPHO# QyHKIMY, 3aaHHON HA TIOBEPXHOCTH) U JUBEPreHImn (0T KACATEIHLHOIO BEKTOPHOIO
I0JIs1, 33/]AHHOTO HA OBEPXHOCTH ), SBJISIONINECS aHAJIOTAME U3BECTHBIX (POPMYJI J1JIsl IPOM3BO/I-
HBIX QYHKIMY HA [JIOCKOCTHU. [0y ueHbl OlleHKN NOTPEITHOCTH ATPOKCUMAIIUN ITHX BEJIMUNH.
Takke paccMOTpPEH BOIPOC O IOCJIEAYIONIEl AITPOKCUMAIUN UHTErPAJIOB, JAIOIINX BbIPaKe-
HUE JIJIS TOBEPXHOCTHBIX I'Pa/IMEHTa U JIMBEPTEHIINN, KBaIPATYPHBIMU CyMMaMHU 110 3HAUYEHUSIM
uccyeayeMoilt (DYHKIMY B y3J1aX, BHIOMPaeMbIX Ha siuefikax HEeCTPYKTYPHUPOBAHHOW CETKU, all-
IIPOKCUMUPYIOIIEH TOBEPXHOCTb.
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BBenenue. B maremarndeckoit usnke mpescTaBiisier mHTepec 3aada auddepeHnupoBanms
byHKIHU, 3a/]aHHBIX Ha [MOBEpXHOCTU. Tak Jjist CKaJIsapHO (DYHKINU, 33J]aHHOI Ha MTOBEPXHOCTH,
BAXKHOI XapaKTEPUCTUKON SBJIIETCA BEKTOP ITOBEPXHOCTHOTO IPAJIUEHTA, KOTOPBIN XapaKTepu3y-
€T CKOPOCTb U3MEHCHUA (byHKHI/II/I BIOJIb ITIOBEPXHOCTU U ABJIAETCA Be.HI/I‘{I/IHOI';I7 I/IHBapI/IaHTHOIU/I 110
OTHOIIIEHUIO K CII0CO0Y HapaMeTPU3aIy HOBEPXHOCTH. B 4acTHOCTH, HOBEPXHOCTHBIN IPA/IMEHT BO3-
HUKAET B TEOPUH [IOTEHIMAJIA: 3/1eCh U3BECTHO MHTEIPAIBHOE [PE/ICTABICHNE JIJIs TPa/IMeHTa, II0TeH-
nraJia ,HBOﬁHOFO CJIO4, IIpI/ILIéM CKa4OK I'PaJilieHTa TaKOIr'o IIOTCEHI[MaJla Ha ITIOBEPXHOCTHU B TOYHOCTHU
paBeH [OBEPXHOCTHOMY I'PaJIMEHTY OT IUIOTHOCTH STOro norexnuasa |1, c. 68|. Beipaxkenue mnoseit
CKOpOCTefI Jgepe3 rpaJueHT IIOTeHIruaJIa ‘Z[BOI';IHOFO CJIOA HCIIOJIB3YyETCs B IMaHEJBbHBIX W BUXPEBBIX
MeTOJ/[aX adpojAMHAMEKH [2, ¢. 175].

B NHTEeTrpaJIbHbIX YPaBHEHUAX JIEKTPOINHaAMUKU CYHIECTBYET BbIpazKeHue JIJId 3JIEKTPUIECKO-
'O U MArHUTHOTO TIOJIell Yepe3 MOBEPXHOCTHBbIE TOKM, KOTOPbIE IIPEJCTABJISIOT CODOl KacaTe/bHbIe
BEKTOPHBIE TI0JIs1 HA IIOBEPXHOCTAX 00JIy9IaeMbIX Tesl. IIpu 9TOM MMEIOTCs BApUAHTBI 3aIllMCH MHTE-
IPaJIbHBIX [IPEJICTABICHUN ISt SJIEKTPOMAIHUTHOTO I0JIst, B KOTOPBIE BXOJUT HOBEPXHOCTHAS JU-
BEpreHIyst OT TUX TOKOB [3, c. 29 u ypasuenne (3.42a), c. 107].

OrmernM paboTsl [4, 5], B KOTOPBIX PACCMATPHUBAJIOCH IIPUMEHEHNE METO/Ia CHECEHUsT IPAHUTHO-
IO yCJIOBHS HA CEPEJMHHYIO MOBEPXHOCTH K KPAEBBIM 3a/1a9aM a3pPOIMHAMUKI U SJI€KTPOANHAMUKH.
B [4] uzyuasnocs norenipanbroe o6TeKanie Kpblia MaJIoi TOJIIMHBL, KOTOPOE AlllPOKCUMUAPOBAJIOCH
cepeImHHON moBepxHOCThIO. [Ipy aTOoM mMcxomnasi popMa KpbLia YUINTHIBAIACH IOCTAHOBKOMN CIIEIn-
AJIbHBIX I'PAHUYIHBIX yCﬂOBI/Iﬁ. Ba,na‘{a CBOMJIaCh K PEHIECHUIO I'PAHUYIHBIX NHTEI'PAJIbHBIX ypaBHeHI/Iﬁ
Ha CepeIMHHOIN MOBEPXHOCTH, Ky/a BXOJWJI ONEPATOD MOBEPXHOCTHOIO I'DAJMEHTA. AHAIOTMIHbINR
HO/X0/, OBLI IPUMEHEH B craThe [5]| K PEIICHHIO 3aadi PACCesiHUsS JIEKTPOMATHUTHON BOJIHBI Ha
TeJie MaJIoji TomuHEEL. B pesyibraTe 3a/ada CBOUIACH K CHCTEME IPAHIMYHBIX HHTEIPAIBHBIX yPaB-
HEHUil, 3alMCAHHBIX HA CEPEIUHHON IOBEPXHOCTH TeJa, B KOTOPYIO BXOJIIJ OIIEPATOP ITOBEPXHOCTHOM
JUBEPreHIn OT HEU3BECTHLIX ITOBEPXHOCTHBIX TOKOB.

Takum 06pa3oM, HEOOXOAUMOCTD ANIPOKCUMAIMI IIOBEPXHOCTHBIX [IPOU3BO/IHBIX BO3HUKAET LU
YUCJIEHHOM DelleHUn IIPpUKJIaJHbIX 3a/Ja49 KaK Ha Talle O6pa6OTKI/I pPe3yabTaTOB, KOT'Ja HY2KHO IIO
Haﬁ,ﬂeHHbﬂV{ Ha ITIOBEPXHOCTU HEU3BECTHBIM (byHKLU/IHM HaliTu KaKI/Ie-.HI/I6O XapaKTepuCcTuKu, Tak 1 Ha
JTale pelreHns IPAaHNIHBIX HHTErpo-TuddepeHInaabHbIX YPABHEHU T, COMEPAKAIIIX [IOBEPXHOCTHDLIE
[POU3BOJHBIE. 3/1eCh MOI'YT ObITH HCIOIBL30BAHbI (POPMYIIBI PASHOCTHOrO TUIA. Takue hOpMyIIbl st
HOBEPXHOCTHOI'O I'PAJIMEHTa 3alicaHbl, HalpumMep, B pabdore [6] (dbopmysst (3.3)—(3.5) u3 [6] no cyru
eCTh (POPMYJIBI JIJIsI CKAYKA I'PAJINEHTa ITOTEHIINAIA JIBOWHOIO CJIOS, KOTOPBIA PABEH IIOBEPXHOCTHOMY
rpajienTy ero 1wiorHocru). B [5] 6buin nosyuensl anasorudsble (GOPMYIIBI ISl HOBEPXHOCTHOMN
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jueeprennun. OJHAKO B OCHOBE 9THX (DOPMYJI JIEKUT THIIOTE3a O TOM, UTO IMOBEPXHOCTHAsI CETKa
SIBJISIETCS PEryJISPHOM, MOyYeHHON IPHU IVIAJKOM OTODPaXKEHWH HPAMOYTOJbHUKA, PazduToro Ha
[IPAMOYTOJIbHBIE SYEHKHU.

Ha mecTpyKTypHpOBaHHBIX CETKaX, B YACTHOCTH Ha IMIUPOKO MCIOJB3YEMBIX B COBPEMEHHBIX Me-
TOJIAX MOJICJIMPOBAHUS TPEYTOJbHBIX CETKAX, /s BRIUUCICHUS TIOBEPXHOCTHBIX TPOM3BOJIHBIX HEOO-
XOJIUMO IIPUMEHSTH JIPyTrue MoAXo/bl. B HacTosdielr padbore mpejiaraeTcsa UCIOJIb30BATD I STUX
1eJielt MHTerpabuble (DOPMYJIbI, PA3BUTHIE B METOJIE UACTUIL JIJI BBIYUCJCHUS YACTHLIX MPOU3BOJI-
HBIX DYHKINUI, ONPEeIeIEHHBIX HA [IJIOCKOCTH [7], Tyie YacTHbIe IPOU3BO/IHbIE (DYHKIUN [IPEICTABIIsI-
I0TCd B BUJI€ UHTEI'PAJIBLHOIO OIIEpaTOpa C $JPOM THIIA CBEPTKH, IIPUYEM 3TO PO MaJjio BHE KPyra
MaJIOTO PAJINyCca, OKPYKAIOIIero TOUKY, B KOTOPOil Bbluncjsgercs npoudsognas. [losromy npumens-
eMast ujes mpocta. Eciii 1mpeanosoKuTh, UYTO HAIA MOBEPXHOCTH €CTh IJIOCKOCTD, ITOMEIEHHAS B
IIPOCTPAHCTBO, TO MOXKHO IPUOJIMKEHHO TPEJICTABUTEH ITOBEPXHOCTHBIN IPAJIMEHT Ha, 9TOM IJIOCKO-
cTH (SIBJIAIONIHUICSA OOBIYHBIM JIBYMEPHBIM I'DAJIMEHTOM) B BHJE MHTErPAJa MO MaJjoil OKPECTHOCTH
paccmaTrpuBaemoit Touku. Eciin ke paborarh Ha MPOU3BOJIBHON IVIAJIKOW MOBEPXHOCTU, TO MOYKHO
3aIucaTh aHAJOTUIHBIN UHTErPaJl 0 OKPECTHOCTU TOYKM HA ITIOBEPXHOCTHU, IIOHUMAsI, 9YTO OH OJTU30K
K MHTErpaJIy 1o KacarejbHoil mockoctu. CoOCTBEHHO 9Ta HMJesl U peaJim30BaHa B HACTOsIIIENH pabore
IIyTEM TIOJIyYEHUSI CTPOTUX OIEHOK JIJISI MHTEIPAJIOB Ha IOBEPXHOCTH M KaCATEJIbHOU IJIOCKOCTH.

1. OcHoBHbIe ucxogubie GopMyJibl. Beeném cienyromniue obosnadenus. [lycrs o = (o, a) €
€Z%; 2% =a{"2y? nna x = (v1,22) € RY

ol f (z)

a1 ag )
0z} 0x5

Df(z) = lal = a1 +
(camraem, uro D°f(z) = f(z) upn a = (0,0)); C¥(R?) - npocrpancrso dyuxnuit kiacca f €
€ C*(R?), a1 KOTOPBLIX OrpaHmHYena HOpMa

Iflk=">_ sup|D*f()]
OtEZ%_ IERQ
0<|al<k

(nmpocTpancTBo (BYHKIMI ¢ HENPEPHIBHLIME OIPAHUYEHHBIMU [TPOU3BOIHBIMU 10 HOPSAIKa k).
Hycrs f(z) € CH¥(R?), = = (x1,29), k> 1. Torma uyacrusie npomssomusie Of/0x;, i = 1,2,
9TO0i (DYHKIME MOYKHO allIPOKCHMUPOBATH (hopMysioit |7]

Dif) =% [ G- s b i1 0

yER2

rae 7;(x) — HekoTopas (DYHKIUsI CIIEIUATBLHOTO BUJIA.
Ornocurensro dyuxiuit 7;(x), = 1,2, JAeJar0TCs CJIeLyONHe IPeIIOIOKEHUST:

i € Li(R?),  mi(-z) = —mi(z), « € (R?). (2)

Jlajee IpeAmIOIOKIM, UTO JIJIsT HEKOTOPOT'O TEJIOro p > 1 BBINOJIHEHBI YCIOBUSI:

0 < ) s .
/xam(:v)dx _J0 lelspo e o (10), e =(0,1), (3)
_17 « ;é €i,
]RQ
/\:U|p+1m(x) de| < M, i=1,2. (4)
]RQ
Torya Haiiiércst KoHcTanTa A, 3aBuCsIas 0T KOHCTaHTHI M u3 oneHok (4), rakasi, 9To
Of(x)
B roaie D5 f(z)| < AeP| fllp+1- (5)
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st nokasarenbeTBa OoneHKH (5) JI0CTATOYHO 3anucarh pasJjioxkenue B psj Teinopa st byHK-
uuu f B OKPECTHOCTU TOYKU T B BHUJE

)= 1@ = 3 D @)= )"+ ryle)

1<|a<p

rJie OCTATOYHBIN YJIeH IPeJICTaB/IseTCs Kak [8, c. 453)]

1
1
o) = 3 -0 ey rhaly) = o (00D - ) e
|a|=p+1 P 0
Torna
1 _
Dif) =% [ G- rem () dr=n+
yER?
1 — 1 —
h = D% f(z) / (y — x)eim<$ 5 y> dy, Ix=—3 > / (y — fv)arp,a(%y)m(x . y> dy.
yeR2 \a|:P+1y€R2

Cnenas 3ameny z = (y — x)/e, ¢ yaérom dopmys (2) nmeem

Iy = =D f(x) / zimi(z) dy = D f () = agg)’

2€R2

1
|| = &3 Z /EpHZaTP@@a?J+€Z)77i(2)52d2 <

‘O":p"’_lyeRQ

<% > /Za??i(z)dz

]
b |a|=p+1

P+ pf
<

eP[| fllp+a-

yeR2

B kauectse dbyukuumit 7;(x) MOxKHO BBIOpaTh, HAIPUMEp, caepyiommue [7]:

-2, p=2,
oy T | (020, p=1t
(— 20—F2O|:t:\2 —5\x|4+05\x| ), p=2_,

rjae p — nopsgok dpopmysbl (T.e. yeaosust (3) u (4), a ciaenoBaresibHO U OneHKa (5), BBINOJIHEHDI C
YKA3aHHBIM 3HAUYEHHEM [apaMeTpa p).

2. AnnpokcuMarius IIOBEPXHOCTHBIX NPOM3BOAHBIX. [lycrh 3 — HekoTOpas riajkas, u3-
MepHuMasi, OPHEHTUPOBAHHAST TTOBEPXHOCTH Kiacca CY9) ¢ > 2, 3aMKHyTast WK HeT, ¢ KpaeM 0.

[Iycts y € X, 7i(y) — OPT HOJIOKUTEJBHOIO BEKTOPA HOPMAaJIU K IIOBEPXHOCTU Y. B TOUYKE Y.
Kaxoit Touke z € ¥ u JefCTBUTEILHOMY YUCIY 0 MOXKHO IOCTABUTH B COOTBETCTBHUE TOUKY

y =1ys(z) =z + d1i(2).

O6o3znaunm
Qr,Y)={ycR®:y=ys(2), z€%, §c[-r/2,7/2]}. (7)

ITpeanomnoxenune 1. CymecrByer uncio rg > 0 Takoe, 4To 0TOOparkeHHE MEXKJY TOUYKAMU
y mHokectBa (r,X) u mapamu (z,0) € X X [—r/2,7/2] upu r = ry sBiIsieTCsl B3aUMHO-OJ[HO-
3HATHBIM.
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C reoMeTpUYECKOIl TOYKM 3DEHUsi CJIeJIAHHOE IPEJIIIOJIOKEHNEe O3HAYAET, UTO JIobast TOYKa Y
muokecTBa §)(r,YX) mpescraBisiercst B Buge (7), rae 2z ecTb OimrKaiiiias K TOUKE Y TOUYKa Ha
TTOBEPXHOCTH Y.; TIpsiMasi, MTPOBEIEHHAS Yepe3 TOUYKU z WY, He MMeeT JIPYTHUX MepecevdeHuii ¢ Imo-
BEPXHOCTBIO Y B OKPECTHOCTH TOYKH z pajmyca 71/2.

[Iycts z € ¥, 7(x) — KacareabHas MJIOCKOCTb K HOBEpXHOCTH Y B Touke x. O6Go3HAUUM
wepes C(x,R), * € ¥, R >0, nwmnap, cocrosmmii u3 Touexk y € R? raxmx, uto |y* —z| < R
uly* —y| < R, rae y* — oproroHasbHasi mpoekiusi Touku y Ha miockoctb 7(x). (C(x, R) —
[IUINHJIP, B CEYEHHH KOTOPOTrO KPyr pajumyca R, mapasureslbHBIH KacaTeJIbHON IIOCKOCTH (),
BbICOTOII 2R u mentpom B Touke z.) Obosmatinm X(z,R) = X () C(z, R).

B kaxkmoit Touke x € Y MOXKHO BBECTH JeKapToBy cucreMy kKoopiauHat (&1€9€3 ¢ HAUAIOM B
rouke x = O u ocbio O3, coHANPABJIEHHON ¢ BeKTOpoM f7i(xz) (JBe JApyrue ocu JieXKar B Kaca-
TeJIbHON MJIOCKOCTU 7 () IIPOU3BOJIBHBIM 00PA30M U SIBJISIIOTCsI OPTOTOHAIBHBIMI ). Takyto cucremy
KOOPJIMHAT HA30BEM CNEYUUAALHOT CUCTIEMOT, KOOPOUHAM.

O6ozmaunm wepes V (x, R) muoxecTso Touek & = (£1,&) € R? takmx, uTo Touka 4, MMeromias
B Clenua/bHOl cucreme KoopauHaThl (£1,&2,0), sIBIIsIeTCS OPTOrOHAJIBHON MPOEKIMel HEKOTOPOii
touku y € X(z, R).

[Tycrs x € R™ — mekoropas Touka, a G C R™ — Hekoropoe MHOxkecTBO. Yepes p(x,G) OGyaem
0bo3HaYaTh PACCTOSHIE OT TOYKH T JI0 MHOXKecTBa (.

ITpeanosoxxenne 2. CymecrByer Takoe Ry > 0, uyro g gi060it TOYKM x € X y4acTOK
Y(x, R) nosepxnoctu %, rae 0 < R < Ry, MoXKeT ObITh IIPEICTABICH B BBEJIEHHOI CIEIMAIbHOIT
cucreme KoopjuHar ypapuenuem &3 = (&), £ = (£1,&2), ¥ — ¢ pa3 HenpepbiBHO juddepeHupy-
emas dynknus Ha MHOKectse V(x, R), npuuém V(z, R) = {£ € R? : [(| < R} npu R < p(z,0%)
u V(z,R) ectb m3mepmmoe moamMHoxkecTBo Kpyra {& € R? @ €] < R} B mmom ciydae. Ilpu sTom
pyHKIMSA 1) U Bce e€ JACTHDLIE TPOM3BOJHBIE BILIOTH JIO MOPSJIKA ¢ BKIIOUYATENHHO HA BCEM MHO-
xkecrBe V(x, R) orpaHmYeHbl MO MOJYJIIO HEKOTOPON KOHCTAHTOMN, HE 3aBUCSINEH OT BBIOPAHHOI
TOYKHN I.

3aMeTuM Mpu TOM, 9TO JJIsi JTFOOOM TOUKU 2z € X ¢ KOOpJAWHATAMHU B CIEIMAJIbHON cHucTeme

koopauHar (&1,&2,%(£1,&2)) cupaBeiIuBBI yCIOBUS

00/0&| < CIEl, | < CIEP, €= (&1,&) € V(x, Ro), (8)

BBITIOJTHEHHbBIE ¢ HEKOTOPO# KOHCTaHTOM (', 3aBHUCSINENl TOJBKO OT BBIOOPA MOBEPXHOCTH ..

Iycrs f — dynkmusa kaacca CPTY(Y), sazannas ma nosepxnoctn X, p € Zy, p+1<q (¢ -
KJIACC IVIAJKOCTH MOBEpXHOCTH, ¢ > 2). s KaKJI0#l TOYKH & € ¥ MOXKHO IOCTPOUTH IUJINH/ID
C(z, Ro) u Bbiesnnts yaactok XL(z, R) = () C(z, R). Ha sroMm yuacTke MOKHO BBeCTH (DYHKIUIO

F1E) =fw©&), &)= (&8 (&) ex, &= (&,&) e V(x,Ry). 9)

Yeaosue “f — dyuknus kinacca C™(X)” MOXKHO TpakToBaTh Kak ycjoBue Toro, uro f'(§) €

€ C™(V(x, Ry)) aus mroboit toukn z € Y. na dyakuun f € C™(X), m < ¢, BBeIéM HOPMY
caeyionmmM obpasom. st Kaxoit Toukun z € Y\0X BBeJEM BCEBO3MOXKHDIE CIIEIUAJIBHBIE CUC-
TeMbl KoopauHaT. Kaxkast Takas cucrema, B JeHCTBUTEILHOCTH IIOJHOCTBIO ONpe/IeisieMast OPTOM
é1 = €1(x), oproronanbubiM BeKTOPY 7i(2), nopoxaaer dbyukuuio f/(€) no dopmyite (9). [omokum

£l =sup D [D*f(0)].
x,e1 0<|al<m

Jlajee paccMOTpHM OIepaTop “TOBEPXHOCTHBIN rpajaneHT’ (OYHKINN, 3aJaHHOW Ha ITOBEPXHO-
CTU. DTOT OIEPATOP MOXKHO BBecTH cjiejytormum obpazom. [locrpoum dbyukmuio f*, ABjsgionIyocs
npogoskenneM dyuknun f ua muoxectso §2(r,Y) Buma (7), mo dopmyte

[fy)=f(@) wpn y==a+di(z), zeX.
Torza onpeesnM MOBEPXHOCTHBIH MPAJMeHT Kak
Grad f(z) = grad f*(z), € X\0%, (10)

grad f* — oObIYHBIN TpajueHT PYyHKIUN TPEX MEPEMEHHBIX.
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YunreiBas, uro 0f*/0n = 0 Ha moBepxHocTH X, JIerKo yBHIeTh, 4T0 BekTop Grad f(z) ompe-
JIEJIEH TOTJIA U TOJILKO TOIIa, Koraa GyHKus f auddepeHnupyeMa B TOUKE &, T.€. IPEICTABISIETCS
B OKPECTHOCTHU 3TOI TOYKHU B BUJIE

F(y) = f@) + (Ay = 2) + oy — ),

y € X(U(z), U(z) - nekoropast TpéxMepHast OKPECTHOCTb TOUKH X, O(r) — OECKOHETHO MaJasi
BeJIMnHA 6oJlee BBICOKOTO NOPSKa MaJocTd, deM 7 upu 7 — 0, A — mexoropsii Bexrop. Ilpn
9TOM BEKTOD A OIIpe,ZLeJIeH € TOYHOCTBIO JIO cyaraeMoro Buja Aii(x), A € R, u cymecrByer ejaun-
CTBEHHDIIl BEKTOp A, yIOBIETBOPSIONIHi YCIOBIIO (A 7i(x)) = 0, KOTODBIil COBIIAJIAET ¢ BEKTOPOM
Grad f(z), ompenensiembim dopmysoit (10).

Teneps 1mycTh f (x) — KacareJIbHOE BEKTOPHOE IOJIe HA IIOBEPXHOCTH, T.€. Jisi KaxKJO# TOYKU
z € ¥ smHavenme f(x) ecrb TPEXMepHBIl BeKTOp, yaoBieTBopsiomuii yeaosmo (f(x),f(z)) = 0.
BeenéM onaTh HpPOAO/IzKEeHUe [IOJIs f (x) mo dbopmyie

Fly)=flz) wpn y=x+0di(z), yeQr),

1 OIIPEeAEJNM IIOBEPXHOCTHYIO JUBEPreHIINIO BEKTOPHOI'O IIOJISI f (x)
Div f(z) = div f*(z), =z € X\9%, (11)

rae div — obbranass TpéxMepHasi JUBePTeHITs.

Kax nokazauo B 9], onpejesienue 1o dopmysie (11) paBHOCHIBHO IPYIOMY KJIACCHYECKOMY OIpe-
JIEJIEHUTO

Div fl) = lim — / F)ity) ds,,
d(o)—0 p(o)
oo

rje o — u3MepuMasl 4acThb IOBEPXHOCTUH Y. C IVIAJKUM KpaemM 0o Takasi, 4To T € o, = ¢ 0Jo,
wu(o) — mwiomaas nosepxHocru o, d(o) — aumamerp noBepxHOCTH 0, U(Y) — BEKTOp HOpMAaJU K
KOHTYpY 00, JeXamunii B KacaTeJIbHON IIOCKOCTH K MOBEPXHOCTH W HAPABJICHHBI HApPyXKy OT
y9IacTKa TOBEPXHOCTH J.

Beesém B Touke x € Y\OX cnenunasbhyio cucremy koopgaunar 0&&€9€3. Torma B okpecTHOCTH

TOUKM X € Y. 3aJaHHas Ha nmoBepxHocTH dyHKIWs f (KacaTeabHOe BEKTOPHOE 10Jie ) MOPOXKIaeT

dbynxmmo f'(€) = f(y(€)) (sexroproe mone f'(€) = f(y(€))), tme € = (£1.&), y(€) — Touka na

HOBEPXHOCTH Y C KOOpJAMHATAMHU B crenuaibhoil cucreme (€1, &2,1(€1,&2)). Tlpu sToM u3 paBeHCTB
(10) u (11) caexyror popmysibl

O 98 o). orfo) 204 28

Grad f(z) = <0§ ¥ Div f(x) = o6, T g,

suecw f1, f4, f5— KoopmHHATBI BEKTODA f B cucreme KoopauHat O&1€>€3, NPOU3BOAHbIE OEPYTCsS
B Touke & = (0,0).
[Iycrs €;, i =1,2,3, — opThl oceii crienuaabHON cucreMbl KoopjauHatr, €3 = 7i(x). Torma
Grad f($) = L1f($)€1 + Lgf($)€2, Div (LU) =11/ (x)€1 + Lgfl(x)gg, fi= (f, 61),
rje
of'
9&;
O BEKTOPHOM IIOJI€ f: (f17f27f3)7 rae fl € Cm(z)u 1= 172737 6YIL€M roOBOpPHUTH, Y9TO fe
€ C™(X). Ompeaenum ero HOpMy
3
£l =D [l fillm-
i=1
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[Tepeitném K MHTErpaJbHON ANMIPOKCUMAIIME TOBEPXHOCTHBIX OIEPATOPOB: TPAIUEHT U JTUBEP-
rerrusi. O6parum BHEMAaHUE, 9T0 B dopmyste (6) dyHKIuM 7; MMeEoT BUJ

ni(x) = xm(|z|), i=1,2.

[Tpu sTom yenosust (2)—(4) sanuceiBatorcst B Bujie ycaosuil Ha dyHkimo 7(r), r € [0,00):

n € LI(R)> (13)
T —1/m, m=1
m—+2 _ ) )
/T = {0, 3<m<p, -
0
/rp+1|77(7“)| dr < oo. (15)

0

—

Torpa B maockoM ciydae Jyist dyaknuun f(x) n Bekroproro nosst f(x) = (fi(z), f2(x)), x =
= (z1,22) € R?, u3 (1) craemytor (bopMYJIbI, aIIPOKCHMUPYIOIIHE IPAJAReHT U JUBEPIeHIIHIO;

wad.fa) = 5 [ ()~ 1) = ( 221 0y (16

3

YyeY

aeflo) = % [ (- Fop ™= ( 1) ay (17

e

—

Teneps BepuéMCst K cirydato, Korja dyuknus f(x) u Bekroproe mose f(x) = (f1, f2, f3) 3amambl
Ha MOBEPXHOCTH, MPUIEM TIOJIe sBJseTCs KacareabHbiM. [lo amanormnu ¢ dopmynamu (16) u (17)
3alluieM OIlepaTopbl, alllIPOKCUMHUPYIONINE IIOBEPXHOCTHLIC I'PA/IUECHT U JUBEPIreHInuI0, B BUIE

Grad () = Stla| [ 700 = 1) 2n( 22y, (19

g
YyeY

Divefe) = % [ (hol] = Flan = n( 2 ) ay (19)
YyeED

3/1eCh H,r(x)c_i ~ OPTOrOHAJIbHAs TIPOEKIHs BEKTOPa @ HA IJIOCKOCTh 7r(X), KACATEJbHYIO K IIOBEPX-
HOCTH Y B TOYKE X, BEJUUUHA & — Y TPAKTYeTCd KaK BEKTOP.

Hasiee nostyanm oreHky jiist norpemsoctu annpokenmanun seaunand Grad f(z) u Div f(x) ¢
npumenenuneM dopmya (18), (19).

3. IlorpemrHocTh MHTErpaJIbHBIX (opMmydt. [IpenmonoKuM AOMOTHUTEBLHO, YTO (PYHKITUS
7(r) yAOBIETBOPSIET OIEHKAM

Cm
14 pmtl

n(r)| <

~ bl 20
1+4rm (20)

C, dn(r)
dr

JIUISE HEKOTOporo m > 7 ¢ Hekoropoii kouctauToit Cp,. 3amernm, uro st dbyHKIwmit Buga (6) 310
YCJIOBHE BBIIIOJIHEHO IIPH JIIOOOM HATYPAJIBLHOM M.

[Iycrs x € ¥\0X. Pasencrsa (18) u (19) B cnenmasnbhoii cucreme koopaunar O&&s€s npuHU-
MAaIOT BUJI,

—

Grade f(z) = (L1f(x), L3 f(2),0), Divef(z) = Lif1(z) + Ly f (x), (21)
9 JINOOEPEHIINAJIBHBIE YPABHEHUS tom 59 N6 2023
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% [ 0w - s Lallylfe) doy, i =1.2 (22)

e3
yeD

Lif(z) =

(y1,Y2,y3) — KOOPAMHATHI TOUKU Yy B CHENUAILHOlN cucreme Koopaunat, npu srom = = (0,0,0) B
9TOM 2Ke cucreme.

Jdemma. ITyemv ¥ — enadkas noseprrocmo kaacca C1, q>2; f € CPYY(N), p+1<q; n(r)
ydosaemeopaem ycaosuam (13)-(15) u ycaosuro (20) ¢ m > 7; x € ¥\0%; u nyemv L;f(x)
onepamopui, onpedeasemuvie gopmyarots (12). Toeda natioémes wonemanma C, 3a6uUcCAWAA MOALKO
0M NOGEPTHOCTIU X, PYNKUUL 1) U NAPAMEMPE D, MAKAA, 4MO CNPLBEIAUBO HEPABEHCMEO

[ fllp+1 em !

IL5£(@) = Lif @)] < O| B2 4 1l s + 112, (23)

ede R = min{Ry/2,p(x,0%)}/2, Ry — xoncmanma u3 npednososicenus 2, m — napamemp u3
ouenku (20).

HokazaTeabcTBo. bBynem obozHauars depe3 C' KOHCTAHTBI, 3aBHUCSIIHE TOJBKO OT IIOBEPX-
Hoctu Y, (PYHKIMU 7) U HapaMeTpa p, NPUIEM B Pa3/IMIHBIX ONEHKAX 3HadeHune KoHcTauTbl C)
BOODIIE TOBOPsI, PA3IUIHO.

IMocrponm mmmuaper C(x, R) u C(z, Rp), u mycrs 31 = X(z,R) = ¥(C(x,R), X2 =
= (ENC(z, Ro))\E1, Eg=3E\(Z2UZ1).

Paccmorpum onmy us Benmuaun L f(z), i = 1,2. Ilpencrasum eé B Buze

f(@) =1+ I+ I3,

I, = / F(z,y,e)doy, n=1,2,3, F(v,y,¢)= —i(f(y) - f(x))%n(\yl/s)

3
€
YEXn

Omuennm maTerpasel Iy u Iz, Bamerum, uto ydactok nosepxHocru Yo C (C(z, Ro)(X) 3a-
naércs ypasuerneM &3 = (&1, &2). Koopaunarer Toukn y € Yo umetor Bug y = (&1, &2, 1¥(€1,£2)),

npuaém R < [€| < Ry, € = (&1,&2). YunrsBag nepasenctso |f(y) — f(z)] < || flli|ly| u onenkn (8)
u (20), nmeem

Bl =| [ S0 - 1) Eaeae,| <Ml [ g, <
g3 € Y g 1+ (Jy|/e)™ Y
YyEXa YEXs
L e T
<o/ " dr < C / P .
e j/1.+(r/syn r< Ol fm de
R R/e
Torna L
TARYel - (24)

st uarerpasa Is BBujay onenku (20) u TOro, 9To mpu Yy € X3 BbIIOJHEHO HEPABEHCTBO
ly] = Ry, rme xoHcranTa Ry ompemesisieTcss TOJbKO CBOHCTBAME IOBEPXHOCTH U HE 3aBUCHT OT
BBIOOpA TOYKU &, MOJIYUYUM HEPABEHCTBA

C f 0 em m—
n < S [ o dn <l (25)
yeX3

[Tepeiiném k anammsy uarerpasa [i. ITocrpoum emé omun mummaap C(z,2R) u BBLAETNM Ha
noBepxaocT % yudactok L(z,2R) = X[ C(x,2R). o npeamnonoxkennto 2 yaacrok %(zx,2R) 3a-

naérest ypasaennem &g = 1(£1,&2). Beeném dyuxmumio f'(§) no dopmyne (9), || < 2R.

JUNOOEPEHIINMAJIBHBIE YVPABHEHIA tom 59 Ne 6 2023
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Hanee mocrpoum dyukumio Or(r) rakyio, uro 0p € C®[0,00), Or(r) = 0 upu r > 2R,
Or(r) =1 mpu r < R. D1y OyHKIUIO MOXKHO TOCTPoUTh B Buje Ogr(r) = 0(r/R), 6 € C*|0,00),
O(r)=0 mpu r > 2, Or(r)=1 npu r < 1. Torga

k i
100 < S8 |d 6r(r)|

RE ke€Zy, |0r(r)k= ng[l()a;(o) a7
i=0 U7

Hanee pacemorpum dyukuuio f”(€) = f/(£)0r|€|, nast koropoit

C

1%l < Zlflles OSk<p+L. (26)
3amernm, 9TO
af" ()
L;
)= 22
npu £ =0, i=1,2, u B cuny ornenku (5) nmeem
c P\l f

Lif (@) - D) < 0T et (27)

D§ — unrerpasbubiii omeparop (1) ma mrockoctu O&;&2, KOTOPHIl 3alliIleM B BHE

D) =T = —— [ (f"(€) - fO)em(l€l/e) de

[IpencraBum unrerpan J kak J = Jy + Jo, tie B Jy yKazauublit jig J unTerpas 6epércs mo
muO)kecTBY || < R, a B Jo — 1o muOKkecTBy |£| > R. Ilpu sTom

o0 o0
Clf / 2 CHf”Hl/ r’ " / p°
Jo| < ————— dé < dr==C dp,
< UL [iepngetyonae < UL [ ar— i [ L ar
¢ER? R R/e
lEI>R
OTKY/Ia, C YI€TOM OIeHKH (26), Moy aumM
em— 4
1 < Ol Sy 29

Hakonern, cpasuum unrerpassl Iy u Jy. Ilepexonst kK mHTerpmpoBaHuio 1mo mnapamerpy & =
= (&1,&2), unrerpas I; UpeaCTaBUM B BHJE

Soly(©)1/2)7€) de.

J<s>=\/1+ (8—‘”) ¥ <—¢> .l = VERTO@P.

2] 73
U3 onenok (8) merko mokaszats, uto |J(€) — 1| < Cl€%, ||y| — €] < C[€]3. Crenosaremnbho,
1 i
“h=-g [ @@= ro) /2 ~nlel/e) de
ElEI<R

JNOOEPEHIIMAJ/IBHBIE YPABHEHUA tom 59 Ne 6 2023 9"
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B cuy onenok (20)

3 1
ln©1/2) - nel/e) < 8
TOT A , ,
oWl [ eflEl_ e e .
n-a< S [ e[S e+ g -
ElEISR
_C \ Ut i r? [ o] & e%p’
[P e ] < [+
0 0
1=l <O mpn m>T (29)

U3 (24)-(29) monywaem onenky (23). Jlemma goxasama.

U3 nemmbr u dbopmyi (21), (22) cremyer

Teopema 1. ITycmv noseprrocmov X u Pynkyus n(r) yoo6ACMEOPAIOM YCAOBUAM ACMMDL.
Tozda:

1) ecau f € CPYL(Y), mo

gm— 4
|Grad. f(x) — Grad f(z)| < C[ 2+ + | flh + || flle } x € X\OX;

Rp+1 Rm— m—3
2) ecau f (f1(z), fa(z), f3(x)) — wacamesvnoe sexmopnoe noae ¢ Komnonewmamy f; €
c Crti(y), 1,2,3, mo
L2 7 P llpa et 7
iv.F(a) - Div Fa)] < O T 4 171 g +1Fe?]. @ €m0,

3decw, kak u 6 aemme, R = min{ Ry, p(x,0%)}/2, Ry — xoncmarnma us npednososicerus 2, m —
napamemp uz ouenok (20), C — xoncmanma, 3a8UCAWAA TMOABKO O NOGEPTHOCU X, BYHKUUU
1N U napamempa p.

4. JIuckpeTHas anIiIpOKCUMAaIAs MHTErPAJbHBLIX OIEPATOPOB JJjis IMOBEPXHOCTHBIX

IIPOU3BOJHBIX.
4.1. AnmnpokcuMaiusi 10 MMOBEPXHOCTHBIM sideiikam. llpesmoioxkumM, 910 cucrema sie-

eK 0j, J = 1, N, obpasyer pasbueHme IOBEPXHOCTH Y. DTO O3HAYAET, U4TO Y = Uévzl 0j, KaxK-
Jlasl siyeiika o eCTb U3MepuMasl YacTh HOBEPXHOCTH X C ILIOIIAJIbIO ,u(aj) > 0 u upu 3TOM
woj(ox) =0 npu k # j.

BosbMEM B KaxKJIol sueiike ysen 1) € oj, J= 1,N, u nycrs h — amamerp pasbuenna (h =

= max sup |z —yl).
j=1,N, z,y€o;
HuCIeHHO AIIPOKCUMEPYEM IIOBEPXHOCTHBIE I'PA/IEHT U AUBEPIEHIIO (hOPMYJIaMK

Grad! f(2) [Z Fa)” ;yjn<'”’ ;yj')u(ap} (30)

a1 NN A et AT
Divef(r) = 5 Y ey fo?) = Fla)) =——n( == ) (o). (31)
j=1

3amernmM, 9TO MBI He TpebyeMm, UTOOBI TOUYKA &, B KOTOPOW OCYIIMECTBJISIETCS] AIIPOKCUMAIINS,
ObL7Ia OHUM U3 Y3JIO0B.

JUNOOEPEHIINMAJIBHBIE YVPABHEHIA tom 59 Ne 6 2023
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Teopema 2. [Tycmo svinoarenvs Yycaosus meopemv, 1. Cuumaem, 4mo cyuecmsyem KoHCmaHma
B > 0 maxaa, wmo h < Ry/3 u h < Be. Tozda natidémea xoncmarnma C, 3a6ucAau,as mosvko
om noseprHocmu %, GyHKyuu 1N U napamempos p u B, makxas, 4mo

h
(Grad?f(2) - Gradf ()] < C Ifo=" + 111h 2. (52)

IDivt (o) - Divaflo)] < € IFlo=" + 171h2]. (33)

2de 6 gopmyne (32) f € CHE) — dynxyua na noseprrocmu, 6 dopmyne (33) f c CY(®) -
KacamenabHoe 6eKMOPHOE NOAE HA NOBEPTHOCTIU, M — napamemp us ouenor (20).

HokazareabcTBo. locrponm crerunanbayo cucremy koopauaat O&1€9€3 ¢ HAYaIOM B TOYKE
x =0 uocsio O&3, conanpas/ennoii ¢ sektopom 7i(x). Unrerpansr L f(x), x € ™, onpemens-
emble (popMmyJIoii (22), anmpoKCUMUPYeM MHTErPabHON CyMMOIt

L @) = 3 L () = Flanm (‘””' - yj)ma-) (34)
7 . 63 ? 2/

€
Jj=1

Boigesny mumnap C(z, Ry), Ry — KoncranTta n3 npesnonoxkennsa 2. s Kaxkaoit Toukn ) €
€ C(z, Ry) moctponM eé mpoekmmio 7 Ha mmockocTh O&;s.

Pazobbem moBepxHOCTD ¥ Ha TPH 9aCTH g, 21, 2o CJAEAYIONINM 00pa3oM: Xy — 00beIMHEeHne
TexX fA9eeK 0j, I/ KOTOPBIX |gj — x| < 2h; ¥ — obbenuHeHHe TeX sideeK 0, I KOTOPBIX 2h <

< |#? — x| < Ry — h; X9 — ocraBuIasicsi 4acTh [IOBEPXHOCTH Y. DTO pas3jesieHue MOBEPXHOCTH
MIPOM3BEIEHO TaK, UTO BBIIOJHEHBI YCJIOBHUSI:

y € C(x,3h) npu y € Xo;

yeC(z,Ry) n y¢ C(x,h) upn y € ¥y;
|x —y| > Ry/3 upu y € Xo.

Bemuunny L f(x) upeicraBum B Buje

e =l o b s /SO(y) do, k=123 o(y)==(fly) - f(:c))ﬂi(x : y)
Xk

Anajgornano

7h j
L) =If+ 17+ 15, It = > o )ulo;).
JYED

[Tpu srom ¢ yuérom (20) cpasy MOxKeM 3aIlrcaTh

h3 h?
|12 < ClIflloe™, 1151 < Cllflloe™, ol < Clifllizs: 5] < Cliflh - (35)

OrneHuM pasHOCTh

n—n= Y [ W) -ey)do.

j:O’jCE10.j

3ameTum, 9TO

o09) = () = 00— S (E2L) + S0t - s ((E22) - (£22)).

9 9
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- Clf 11k 1 ly —
et) =t < S L (1 227,
Torma
h Clflluh 1 €] CILfllsh
W - hls =5 / W<”?> dos —_— (36)

&:h<|€|<Ro

U3 onenok (35) u (36) ¢ yuérom dhopmys (21) u (22) ciegyer yTBepKIEHAE TEOPEMBI.

4.2. AnnpokcuManus o TPeyrojbHbIM sdeiikam. Tereps paccMOTpuM CiIydail aripok-
CUMAITMU TIOBEPXHOCTHBIX IIPOU3BOJHBIX HA OCHOBAHWM TPHAHIYJISIIIUU MOBEPXHOCTH. IlycTh X =
o N
= UjZ10j, tae 0j — TpeyroibHUKH, HOCTPOEHHDIE TAaK, MTO y KaKJOrO TPEYrobHHKA 0; BCe
BEPIIHHBI JIEZKAT HA IOBEPXHOCTU U LIPU 9TOM BCE TPEYTOJIBHUKE BMecTe 06pa3ylor pasbuenue mo-
Bepxnoctu Y. Ilycts h — nmamerp sroro pasbmenns. BospMméMm B Kaxkjoil adeiike ysen y’/ € oy,
j=T1,N.

CrenaeM clielyronme mpeioI0KeHnst OTHOCUTEIBHO CBOMCTB TPHAHTYJISIINAN.

IIpennosioxkenne 3. s nwo6oii Touku x € Y Takoif, uro p(r,d%) > h, moctpoum Ka-
caresibHyI0 wockoctb 7(x), mummaap C(z, R), R = min{Ry, p(x,¥)} u y4acToK moBepxHOCTH
Y(z,R) = ¥ C(x,R). Hanee BbyiesnMm y4acrok % (x, R) HOBEPXHOCTH Y, COCTOSIIUN U3 BCEX
TeX M TOJIbKO TeX S9eeK, BCe TPU BEPIIUHBI KOTOPbIX JiexKaT Ha y4dacTke X (x, R). JI0/2KHO BBIIIOJI-

HSITBCSL YCJIOBHE, UTO IIPOEKIs yIacTKa 3 (x, R) Ha KACATEIbHYIO IIOCKOCTh (&) COIEPIKHT KPyT
¢ TIEHTPOM B TOUKe I pajumyca R — h, Jjiexkainit Ha 9TO# IJIOCKOCTH. ~

CMBICT TIPeaoToKeHust 1 COCTOUT € TOM, UTO TPUOINKEHHAST TOBEPXHOCTE Y AMMPOKCUMUPYET
BCIO TIOBEPXHOCTHL Y 0e3 “mbIp” u O6OJIbIINX OTCTYIIOB OT Kpas.

IIpemnonoxkenne 4. CymecrByer Koucranra (), Taxas, 4To Jyls JII000il f4eiiki 0; C BepIu-
HaMu Ajl-, A?, A? BEKTOD 71; (OPT BEKTOpPa HOPMAJIU K ITOii sueiiKe) HOAIMHEH OIEHKE

7(AF) —iij] < Cuh, k=1,2,3.

DTO ycJIOBUE HE TIO3BOJIUT IIPU BHIMUCJIEHUN HHTEI'PAJIOB IPOABUTLCs 3 dekTy “carora [IIBapia’.
C zpyroii cropoHbl, Kak nokazaHno B padore [10], npemonokenne 4 BbINOIHEHO, €CIIU TIPH CTYIIEHUN
TPEYTroJIbHOW CEeTKHU IOCTABUTHL OI'DAHUYEHNE HA MUHUMAJILHBIH YyIOJI B TPEYrOJIbHUKAX.

Ecnn jmamerp pasbuennst JOCTaTOYHO MaJsl, TO JIIA KaxKJOH y3JI0BOH TOUKH v, j =1,N,
MO2KHO IIOCTPOUTH TOUKY 2/ € X, KoTopas siBjisieTcs OJimkaiiieil K Touke 3/ TOYKOI OBEPXHO-
crr, mpmaém y/ = 27 + 07i(27) — a0 cremyer w3 mpeamonoxenus 1. Temeps ecim f — dynKms,
3aJlaHHasl Ha HOBEPXHOCTH, TO OIpeeanM 3Ty dbyHKIHIO B Touke y/ smauennmeM f(z7). Ilpm srom
Hafinéres xKoncranta () onpejiesiieMasi TOBEPXHOCTBIO Y, Takas, uto |y/ — 27| < h%. Dro jerko
I0KA3aTh, IIOCTPOUB CIICIUAILHYIO CHCTEMY KOOPAMHAT C IIEHTPOM B Touke 2. Torma us mpejmoJio-
JKEHHS 2 CJIeJIyeT, YTO BCe BepPIINHBI g9efKI 0, a 3HAaUNT U BCe €€ TOUYKHU, OTCTOAT OT KacaTeIbHOM
IJIOCKOCTH, MPOBEISHHON B TOUKe 2/, Ha paccrogHme He 6oJiee BEIMUHHBI TOPsAIKa h2.

By/eMm anmpokcuMupoBaTh MOBEPXHOCTHBIE I'PaJUeHT 1 JuBeprernuto dpopmystavu (30) u (31),
nonaras, aro f(y)) = f(27).

Teopema 3. ITycmd svinoarenvs ycaosus meopemsv, 1. Cuumaem, wmo cyuecmesyem KoHCmanma
B > 0 maxan, wmo h < Ry/3 uw h < Be. yemv x € X, p(x,0%) > h. Tozda natioémcs
xoncmarwma C, 3a68UCAUAA MOABKO OM NOBEPTHOCTIU Y, dyHKuuu 1) U napamempos p, m, B,
Cpn (u3 npednonoorcerua 4), maxas, wmo:

1) svinoanens, ouyerky

(Grad?f(2) - Grad f(o)] < €| T T 4 ]y Rm3+||f||1—} (37)
i)~ Dive < oWt 4y, 27, (39)
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2de 6 gopmyne (37) f € CPYYX) — dynwyus na noseprnocmu, 6 gopmyae (38) fe Ccrti(x) -
Kacameavhoe 6eKmopHoe noae na noseprrocmu, p = 0;
2) ecau y? ecmov yenmpu Aveex o (mowku nepecevenus Meduar), mo

f em— 4 h2
(Grad! f(z) - Grad f(2)| < c{ et i omg + 1710

DivtF(@) - Divi(e)| < o Tt Lz 2ty 2
€ = Rp+1 1Rm 3 272 g2

2de f € CPTYX) — dynwuus na noseprrocmu, fE CPTLX) -~ wacameavroe exmoproe nose Ha
noseprrocmu, p = 1.

JokazaTreabcTBo. byem obo3uadars yepe3d C' KOHCTaAHTDI, 3ABUCSIIIE TOJIBKO OT IOBEPXHOCTH
Y, dysknun 1 u napamerpos k, m, B u C,, IpudéM B pa3/IMIHBIX OIEHKAX 3HAYEHNE KOHCTAHTHI
C, Boobmie ToBop#, pasmmano. Takske Gyjem mpeanosararh, uro h? < h (T.e. ecam Hekoropas
BEJIMYMHA He HPEeBOCXOMUT h?, TO camTaeM, 4TO 3Ta BEJIMIMHA MeHbIne h).

Ornsith mocTpouM crienuasibHyto cucremy koopaunat O&1€2€3. Iycrs m = O&1€s — KacaresbHast
IUIOCKOCTH K IIOBEPXHOCTU Y B TOYKE .

Unrerpanst Lf f(z), = € L™, onpeyensiemble dopmyioit (22), anmpoKcuMupyeM HHTerpaIbHoi
cymmoit (34).

Pa3obbém moBepxHOCTH Y Ha 9eThIPe YaCTU IO TOJIOKEHUIO JIEXKAIINX Ha HUX Y3JIOB: Yo —
obbe/Henne a9eeK o TaKHX, ITO yl € C(z,2h); 21 — obbesuHenne g9eeK 0, TaKHX, 9TO Yyl e
€ C(z,R—h) nnpn stom 0; ¢ Eo, Yy — obbemIenue sueeK 0; TAKHX, 9T0 ) € C(xz, Ro — h)
U IpH 3TOM 0 & Yo, o; ¢ $1; 4 - OCTABIIAsCS YACTL HOBEPXHOCTH 3 (cayudail S = & sy
HEKOTOPBIX k BO3MOKEH).

Ecm o; € Sk, k< 2, TO mOCTpOUM: STUEHKY 0;] C T — IPOEeKIHIO A49efiKi 0 Ha IJIOCKOCTb T;
TOYKU gjj cmruien- IPOEKINN Ha IJIOCKOCTb T TOYEK yj S S ou 2 € Y COOTBETCTBEHHO; a
TaKzKe suefiky o C X Takyio, 9To e HPOEKIHs Ha IVIOCKOCTb T eCThb siefika 0'9 C m. Ilpu srom

|57 — 7| < Ch2.

Tax>ke pazobbeM ILIOCKOCTh 7T HA YacCTH 22, k=20,3 (22 — MPOEKITUs TIOBEPXHOCTU X Ha
wiockoctb T s k =1,2,3), 22 — OCTaBINAsICI YaCThb IJIOCKOCTU 7.
h .
Pacemorpum pasuocru L f(z) — L f(x), @ = 1,2, upeicrasBus ux B BUje

Lif (2) = L7" f(x) = (Lif (x) = D5 f"(0)) + (D5 f"(0) — Li ().

Jluist iepBoii pasHOCTH B MPaBOil YaCTH TIOC/IEIHEIO BbIpayKeHUsl U3 OlEHKH (5) U JIEeMMbI UMeeM

Pl f llpa em !

Laf(@) - DE7"O)] < 0| T 4 1 s + 111

Hasee onennm pasuocru DS f”(0) — th(x) [pencrasum Beauaunst DS f7(0) n L?’h f(z) B
BUJIE

D) =D+ b+t by, hi=— [ ¢@ds 9 = 5O - FOm(e/o),

gex?
LEh — — , . 1 J . y —=
@) =Jo+ AR+ ds Je=— Y gulog), ¢ = () = f@)mi| ——— ).
j:ajcik
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Onenum wmuTerpasbl Io, I3, Jo, J3 10 aHa/sormm C paccy:kKJIeHUSIMU B C(HOPMYJTHPOBAHHON
gemme. Ipu € € 23U XY umeem

Lt T
max{R — h, h},

wl6)] < 6| e

1+ 1¢/e™’

npuaén || f7[|y < [ f[[1/R. Torma

[e.e]
1/l 1 £l

R/e

MoxkHO TTOKa3aTh, UTO

[fll, w—a 1 S m—3 =
sl < 5o — 21| T — |1 ol e € Y2, @il < Cllflloe™ ™ mpn 0 € Xs.
CremoBaresibHO,

[ 1l
1€ _
9 < Il | Ty do < CHREm—, 13l < Cloe
R/e

Taxzke cpasy Bugno, uaro |Ip| < CHfHoh2, |Jo| < CHfHoh2.
[Iyctn

=~ (@)~ S O)m(E fe),

roe & = ( 1,&}) — nepeble aBe KoopauHATHI TOuKH Y’ B crenmasabHOil cucreme koopauHatr. O6o-

sHaunm L =& fe, £ =E)e.

Paccmorpum pazuocTnb

y —a

i) = o) = (G = Fo (L5 ) ulo) - (7€) - FOIMEMED,

9

Ilpu o; € ¥y, |&| > h uveem onernknu

(o) — wlo)l < CIEPu(af),  If () = f(E) < Ol fllah?,

i . - C
; + m (€D < | ———
w(E2)|+ el e
y— . o 1
w(V57) -med| < cerer s
g
Torna
LA + 1P "
fesuto) - el < 5 (1 LDl P s e
3Haqnr,
J=J 4+ AL, A== Y (puloy) — Kulo?)),
j:O'jCil

JUNOOEPEHIINMAJIBHBIE YVPABHEHIA tom 59 Ne 6 2023



OB AIIITPOKCUMAIINN ITOBEPXHOCTHBIX ITPON3BO/JHBIX 841

4 1 5 1 h2 9
An< D CHfH1/ K +‘§5‘>W+|&| W] dggcuful[?JrE]'

j.cT]CEl £ER?

Bemuumna, J{ €CTh MHTEer'paJibHad CyMMa JJigd UHTerpaJia Ila 1 MblI MOXKEM 3alliCaTb

y— / ((6) — p(e7)) do

j:O’jGE?o-j
Ecnu Touku 3/ BoiOMpamnch Ha sveifiKax MPOU3BOJILHBIM 0Opa3om, To mpu &7 € U? nMeeM

(&) = 9(€)] < Chligllio,  Nellie, = sup max [ D%p(¢)],

EU lal=1
IIPUYEM
Il < O+ 1] + &)L
i 1+ g™
Takum obpa3om, crpaBeinBa OIeHKA
= HI<Clf% Y [0+ 1ed + IeP) e @ < Ol -

2
EER2y,

Ecim g/ — menTpbl TpeyroJbHUKOB 05, TO &’ — IMEeHTPBl TPeyTroJbHIKOB a9,

nMeeM ) ) ’
p(€) — (&) = (grad (&), & = &) + al§, &),
rze |o(€,&)] < CR?|@lla, llellio, = sup ) max [DYp(E)], mpméa

Torna npu §; € 0

fGa =
L e |l
.. <C=(1 J g2y e
||§0||1,g CE( +‘§s‘+‘§s‘ )1+‘§g‘m
[TockonbKy
[e=erdr=0 [ ele) - ole)do < CHplau(oy)
gj gj
TO NMMEEM 9
1 h
-l <0l ¥ [a el 6P dr < Il

2
EER oj

CobpaB Bce OIEHKH, TOJyYUM YTBEDPXKIEHUE TEOPEMBI.

Sakirouenune. ITosydennl poOpMy/bl A AIlIIPOKCUMAIUY IOBEPXHOCTHBIX I'DAJIUeHTa U -
BEPreHINN ¢ IPUMEHEHHEM HHTErPAIbHBIX omeparopos (Teopema 1). O6paTum BHUMaHUE, 9TO s
TOYEK, YIAJEHHLIX OT Kpas, U B CJIydae, KOIJla MOBEPXHOCTb U (DYHKIMA JOCTATOYHO IJIAJKHE, MbI
HMeeM AIIIPOKCHMAIINIO HOPSIIKA €2, TJe € — IapaMeTp, HHTePIPETUPYEMblil KaK XapaKTePHbIil pa-
JIIyC OBJIACTU COCPEIOTOYEHNS sA[pa MHTEIPAJIBHOTO OIIEPaTOpa. 3/€Ch €CTh OTJIUIHE OT ILJIOCKOIO
cilydasi, TJe yKA3aHHBIA HOPsJIOK allnpoKcuMaruu Moxer ObiTb BbicokuM (omenka (5)). ITpuun-
Ha TAKOTO OTJIMYUS COCTOUT B TOM, YTO B HPEIJIOXKEHHBLIX (POPMyJIax TOYHOCTH AIIPOKCHMAIH
OIIpeJIEISIETCA B TOM YHCJIE U HOIPENIHOCTHIO, BOZHUKAIOMIEH N3-3a OTKJIOHEHH IMOBEPXHOCTH OT Ka-
caresbHON 110cKocTH. PopMyJIbl 60jiee BLICOKOIO IHOPSIIKA TOYHOCTH, IO-BUIMMOMY, MOI'YT OBLITH
HOJIyYEHbl C y96TOM KPUBU3HBLI IOBEPXHOCTH.
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Taxke 3amMeTnM, YTO IIPU AMMPOKCUMAIIUN UHTEI'PAJIHHBIX OIIEPATOPOB JUCKPETHBIMUA CyMMAaMUI
JIOTIOJTHATETbHAS OTPENIHOCTH MMeeT MOPAIoK h /€ i MPOM3BOJIBHOrO BhIGOpa y3i0B n h?/e? B
cJlydae TPHAHTYIISIIAN [MOBEPXHOCTH M BBIOODE Y3JI0B B IeHTpax sideeK (cM. Teopembl 2 u 3). O1-
MeTUM, YTO B cTarbe 7| i IUIOCKOro Cilydasi MPUBOAUTCS OIEHKA, B KOTOPOIl JONOIHUTEIbHASI
HOIPENTHOCTb [IPH JIMCKPETU3AIUI MOXKET OIPeesiThCsl Besmaunoit h™ /e™ | mapamerp m oupe-
Je/ISIeTCs BUOM sI/IPa AIIIPOKCUMAIIAN U IVIAJKOCTHIO (DYHKIMHU U MOYXKET IIPUHUMATEL OOJIbIINE 3HA~
gennst. OHAKO TaKWe OIEHKH CIIPABEJJIUBBI IIPU PEryJISPHOM PACIIOJIOXKEHUHU Y3JI0B. B maHHON Ke
paboTe cTaBUJIACH I1I€JIb HOJIYIUTh OIEHKHU JIJIS CJIy4as [IPOU3BOJIBHOIO HECTPYKTYPUPOBAHHOIO Pas3-
GueHnsT TIOBEPXHOCTU WU/ €€ TPUAHTYIISIIAN JTOCTATOYHO OOIIEero Bujia (OTMETHM, 9TO IIPU 9TOM MBI
He TpeboBa/u CBOHCTBA KOH(MDOPMHOCTU OT MOBEPXHOCTHON CETKH).

Pabora BbinosiHena npu mnojiepkke MwuHUCTEPCTBA HayKM U BBICIIEro obpazoBanus Poccuii-
ckoit Penepanuu B pamMkax peasmsarnuu nporpamMMbl MoCKOBCKOro meHTpa QpyHIaMeHTAJbHOU U
NPUKJIATHON MaTeMaTuku 1o corviartennio No 075-15-2022-284.
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