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UccnenoBano obbikHOBeHHOE auddepeHimaabHoe YpaBHEHHE BTOPOTO TOPSIIKA C CYIIEeCTBEH-
HOI HETMHEHHOCTHIO ¥ BHEIITHUM BO3MYIIEHNEM B BU/I€ HEIPEPBIBHON MEPUOINIECKON DYHKITUN.
Hemumeitnocts 3a1ana peefiHoit cCiMMeTPUIHON XapaKTePUCTUKOM C THCTEPE3UCOM, MEPTBOH 30-
HOI M 30HAMU HACHIIEHUs. PaccMoTpeH 00X0/T XapaKTepUCTUKU 0e3 BBIXOJIa B 30HBI HACHIIIEHUS
3a HEKOTOPOEe KOHEYHOE 3aJ[aHHOE BpeMs U BPeMsl, COM3MEPUMOe C IIEPUOIOM (PYHKIIUUA BO3MY-
mienus. [losrydeHsr yc/ioBUsi CyIeCTBOBAHUS KOJIE0ATETLHOTO PEIeHnsl ¢ 3aMKHYTOI (ha3oBoii
TpaeKTOpueil 1 9eThIPbMs TOYKAMU HEPEKJIIOYeHNs 33 BPEMsI OJHOI0 00X0/1a XapaKTEePUCTUKM.
JlokazaHbl TEOPEMBI CYIIECTBOBAHUS IEPUOIMIECKUX DEIIEeHUl, B TOM YUCJE DENIeHuil ¢ CUM-
MeTpuYIHOI TpaekTopueit. [IpuBenéH ducjaeHHbII TpuMep.
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1. Beenenue. IloctanoBka 3agaum. uddepennuanbibie ypaBHEHUS U CUCTEMBI C peJieli-
HBIMH, B TOM YHUCJIe CAMMETPUYHBIME, XaPaKTEPUCTUKAME UCCJIEAYIOTCS B 3a/a4aX TEOPUH aBTOMA-
TUYECKOrO yIpaBJenus jgocratrodno fgasuo [1]. CyliecrBoBanue MepUOJANIECKUX U KOJIeOaTEeTbHBIX
perienuii (pe’KUMOB), a TaKyKe U3ydeHHe MX CBOHCTB U (a30BbIX TPAEKTOPHUH SIBJISIIOTCS aKTyaslb-
HBIMH BOIIPOCAME COBPEMEHHOi Teopun (CM., Haupumep, [2-18]).

U3 nocneaux crareil aBTopa, B TOM YUC/IE B COABTOPCTBE, 110 U3yYEHUIO BO3MYIIEHHBIX peJieii-
HBIX CHCTEM € rucrepesucoM ormeruM [12-14] (¢ aByxmnosunmonusiv pese), [10, 16, 18] (¢ Tpéxmosn-
[MOHHBIM peJie). B 91ux paborax npuMeHéH obnuil mojixo K UCCIe0BAHUIO, KOTOPbI 3aK/IH09aeTCst
B pellleHnn 3312491 KoIu ¢ oMOIIbIo MEMOoda NPUNACOSbIEaHUA 1 METOJIOB PEIIeHNUs] CUCTEM TPaHC-
IEH/ICHTHBIX ypaBHeHUH. B JlaHHON cTaThe pasBUBAETCsl 9TO HAIIPABJIEHUE U MPOJOJIKAETCS HAaYa-
Toe B [10] u3yuenne 06bIKHOBEHHOTO JudepeHInaIbHOrO ypaBHEHUs] BTOPOrO HOPsKa C PeJIeHOM
HEJIMHEHHOCTBIO TUCTEPE3UCHOTO THUIIA M TAPMOHUIECKAM BO3MYIIEHUEM.

PaccmarpuBaercst obbiknoBennoe JuddepeHnuaibHoe YpaBHeHUe BUJIA

i(t) = My(t) + aN(y(t)) + B cos(wt + ¢). (1)

Buecw t — Bpems (t > 0), A\, «, B, w U ¢ — HEHyJIeBble BEIECTBEHHBIE OCTOSIHHBIE, TPUYEM
a <0, N(y(t)) — cymecrBeHnasi HEJIMHEHHOCTD, KOTOpasi 3aa6TCsI PEJIeHON XapaKTePUCTHKOIT

—C, eermy< —Bwm —-B<y< —-AuN_=-C,
N(y) =<0, ecmn —A<y<Awm —B<y<BuN_=0, (2)
C, emyz2BwmA<Ly<BuN_=C,

rie A, B, C — nonoxwurenbusie napamerpel 1 A < B, N_ — mpegsicropust N (y). Xapakre-
pucTrka (2) BK/IIOYAET 30HBI HACBINIEHUSI Ha MHOXKecrBax (—o0,—B] u [B,400), 30HYy HedyB-
cTBUTEIBHOCTH (MEPTBYIO 30HY) Ha uHTepBasie (—A, A) U 30HBI HEOJHO3HAYHOCTH (TUCTEPE3NC) HA
nosyorpeskax (—B,—A] u [A, B).

B crarbsax [10, 16] u [18] uccienyercs ypasnenue Buna (1) ¢ xapakrepucrukoit (2). B 3asucu-
Moctu or 3Haka napamerpa A (A <0 B [10] m A > 0 B [16]) ycraHOBJIEHO CyIleCTBOBAHUE II€PU-
OJIMYIECKOr0 pexkuMa (peIleHns) ¢ BBIXOJOM B 30HBI Hacbinlenus: xapakrepuctuku N(y), dasosas
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KOJIEBATEJIbHBIE PEIINIEHW A 713

TPAEKTOPHUsSI KOTOPOI'O IIPOXOJUT Y€Pe3 J[BE CUMMETPUIHbIE TOYKUA (Ymax, 0) U (—Ymax,0) 38 duk-
CUPOBAHHBII [IEPUOJ, TJE Ymax — MAKCHUMAJIbHOE 3HAYCHHE perienus y(l) W Takoe, 9TO Ymax > B.
B [18] mano ompe/iesienne KoaebaTe bHOTO PEIIeHNs! ¢ IIPOM3BOJIbHBIM HAYAILHBIM MOMEHTOM BpeMe-
Hu tg > 0, ycTaHOBJIEHA TeopeMa CyIIeCTBOBAHU KOJIEOATETLHOIO PEIEHHs] ¢ BO3MOXKHBIM BBIXOIOM
B 30HBI Hackimenuss N(y) u 3aMKHYTOH (ha3oBoil TpaekTopueii, a Tak»Ke MOJIyUeHbl JIOCTATOYHbIE
YCJIOBUSI CYNIECTBOBAHUS W HECYINECTBOBAHUS MEePUOAMIeCKuX pemennit ¢ tg = 0.

B macrositeii paboTe paccMaTpuBaioTCs KojiebaTe/bHbIe, B TOM YHUC/IE MEPUOIMYECKUe, pellle-
Husi ypasHenust (1) ¢ nosHbiM (B 006e cTOpOoHBI) 00x0m0M Xapakrepuctuku N (y) 6e3 BbIXOna B €€
30HBI HACBIIIEHUS 38 HEKOTOPOE KOHEYHOE U 3aJaHHoe Bpems. Vccieayores ¢pasoBble TPaeKTOpUn
peleHuii.

Bamnumiem obiee perenne ypashenus (1) u ero npousBojnyo, s jo6oro t > 0 umeem

y(t) = c1eM + ¢ + gt 4 ¢ cos(wt + @) + ga sin(wt + @),

y(t) = Aere™ + ¢ — wqy sin(wt + @) + wgy cos(wt + @),

e
o, e N(y)=—C,
gq=<0, ecm N(y)=0,
¢, ecmn N(y) =0,
¢ =aC/)\, ¢"=—q, q1=—-B/(N2+w?), ¢2=q\w u c|, c3 — TPOU3BOILHbIE TOCTOSHHbIE,

3HAYEHUs] KOTOPBIX MOI'YT MEHSThCS B TOUKaX pa3pbiBa Hemuneiinoctn N (y(t)).

Pacemorpum kosiebareibHOE pellieHne B Kjacce HenpepbiBHbIX dbyHKIwmiA y(t) st gmoboro t = 0
¢ noJiHBIM 00x0/10M Xapakrepuctuku N (y) 6e3 BbIX0Ja B 30HbI HACBIIIEHWs 3a BpeMs T, U 3aMKHY-
TOii (ha30BOil TPAEKTOPHE, KOTOpasi IPOXOAUT Yepe3 deThbipe (PMKCUPOBAHHBIE TOYKH, JIEXKAIe Ha
npsMbix iy = +A u y = £B. Takum o6pasoM, (pa3oBast TpaeKTOPUsI, OTBEUAOMIAS OJHOMY IIOJHOMY
00X0J1y XapaKTEepUCTUKH, COCTOUT U3 YETHIPEX KYCKOB, KOTOPBIE COOTBETCTBYIOT PA3IUIHBIM yIaCT-
kam N (y) na mwiockoctu (y, N(y)) U CKIEHBAIOTCS COMVIACHO METOJLY NIPUIIACOBLIBAHUS, TEM CAMBIM
obecrieunBast HENPEPLIBHOCTEL Y(t) M 3aMKHYTOCTb TpaekTopuu Ha (Ha30Boii mwiockocTu (Y, ).

[Tpu nostHOM 06X0J1€ XapaKTEPUCTUKU 63 BbIX0/Ia B 30HbI HACBIIIEHUs pereHue y(t) yIoBJIeTBO-
psier yeaosuo |y(t)| < B st siroboro ¢ > 0, a ero TpaeKTopHs IPOXOAUT UYepe3 (DUKCHPOBAHHBIE
roukn (B,0) u (—B,0) na mwiockoctu (y,y). leiicTBUTesbHO, B OKPECTHOCTH MaKCHMAJILHOIO
BHAYECHUS Ymax = B dynkuum y(t) npomssomnas y(t) Menser 3uak ¢ “mmoca’ Ha “MUHYC B
HAIIPaBJIEHUN BO3pACTaHus ¢, & B OKPECTHOCTH MUHUMAJBHOIO 3HAYEHUSI Ymin = — B — HA00OPOT.

O60o3HAYNM TTOPSIIKOBBINT HOMED 00X0/Ia XapaKTepUCTUKHU Yepe3 p, a IpsiMble paspbiBa Yy = B,
y=A, y=—-B uy=—A uepe3s Ly, Lo, L3 u L4y COOTBETCTBEHHO.

Ounpenesienne 1. Pemenne y(t) ypasuenus (1) vHazosém T.-koaebamesvHvim ¢ nOAHbM 00L0-
dom zapaxmepucmuru N(y) 6e3 6vixoda 6 30HbL HACHIULEHUSA, €CTU CYIIECTBYIOT MOJIOXKUTETbHBIE
qucjia T, To, T3, T4 TaKHe, UTO Z?:l 7, =T, nroukn Y' € L;, Y2 € Ly, Y3 € L3, Yi€ Ly
Ha (HA30BOM ILIOCKOCTH, KOTOPBIE YJIOBJIETBOPSIOT CJIELYIONIMM YCIIOBUSAM:

1) (-T2, 5((p—1)T0) = Y, §((p—1)T2) =0, (y(ri+(p—1)To), 5(r+ (p—1)T)) = Y7,
y(n+@-1T) <0, (y(r+m+@@-7),9(n+n+@-DT) =Y, g(n+n+@-1)T,) =0,
(y(T1 + 7o+ T3+ (p— 1)Tr),y(7'1 + 7o+ T3+ (p— 1)Tr)) = Y4, y(T1 + 710+ T3+ (p— 1)T7«) > 0, rae
pEN;

2) uist Beex p € N u jyist sioboro ¢ € [(p — 1)T,, 71 + (p — 1)T,] BBIIOIHSIOTCS PABEHCTBO ¢ =
= ¢' u nepasencrso (t) < 0 (nmpuuém paseHCTBO HYJO TOMBKO Jus t = (p — 1)T}.); st o6oro
te(n+@p-1T,,m+ 7+ (p—1)T,) Bomonustorcs paBenctBo ¢ = 0 u Hepaserctso Y(t) < 0;
Jutst sioboro t € [ty + 1o+ (p— 1)1y, 71 + 72 + 73 + (p — 1)) BBIIOJHSIOTCST pABEHCTBO ¢ = ¢~ |
HepaBeHCTBO ¥(t) > 0 (upuuém paBeHCTBO HyJIIO TOJBLKO jyjist t = 71 + 1o + (p — 1)T}.); ayist Jir060r0
te(n+mn+m+(p—1)7T,,pT,) semonusorcs paseacTtBo ¢ = 0 u HepasercTBo Y(t) > 0.

Hasee nyist kparkocTu GyjieM HasbiBaTh pemenue y(t) ypashenus (1), yuoBieTBopsitoiiee onpe-

nenennto 1, T.-xoaebamesvrvim, TOUKy Y' u npamyo L;, ¢ = 1,4, mouxol nepexsovenus u
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NPAMOTE NEPEKAOUEHUA COOTBETCTBEHHO, YICIO0 T; — 6pemenem neperoda us Toukn Y’ € L; na nps-
Myto L;y1, npuiém npu ¢ = 4 — Ha mpaMmyio Lj, a BpeMeHa Iepexofa M TOUKHA NePEKTIOYeHnsT —
NAPAMEMPAMU DEWEHU.

B orimuue or onpenesenus: T,.-kojiebareibHOTO perienus u3 paborsl [18], 31ech B onpeesenue 1
J00aBJIEHbI YCJIOBHS Ha TPOU3BOIHYIO PEIIeHNUsI, KOTOPbIE 00ECIIeInBAIOT 00XO0/ XapaKTePUCTHKU Oe3
BBIXOJ/Ia B 30HBI HACBIIIEHUS, U 3aJIaH HAYaJbHbIH MOMEHT BpemeHnu tg = 0.

Onpeneaenue 2. T,.-nepuoduveckum peweruem HA30BEM Takoe 1,.-KojgebaTe/IbHOE pPeIleHre
y(t) ypasuenust (1), aro y(t) =y(t+7T,) u y(t) =yt +71,) ns ¢t > 0.

CraBumM 3ayady uccienoBanusi 1. -kosiedaresibHOrO u 1 -MEPUOUIECKOTO PEINIeHuil ypaBHe-
Hus (1), ycraHoBjieHHsI HEOOXOAUMBIX M JOCTATOYHBIX YCJIOBHUIT UX CYINECTBOBAHUSI JJIsi HEKOTOPOI
3aIaHHOI BeJIMYMHBL 1.

2. HeobxomuMoe u JOCTAaTOYHOE yCJIOBHUS cylnecTBoBauus T,.-KoebaTejbHOro perie-
HudA. Beeném obosnagenus

di(t) = q1 cos(wt + ) + gasin(wt + @), da(t) = g2 cos(wt + ) — q1 sin(wt + @)

aist iroboro t > 0. Umeer mecto

Teopema 1. ITycmo cywecmsyem T,.-koarebamenvroe pewenue ypashenus (1). Toeda cnpaseo-
AUBDL CACOYIOULUE YMBEPIHCICHUA:

1) snavernus dj((p—1)T;), dj(n+p—-1)T3), dj(ri+m+@—-1)1,) v dj(ni+m+m+(p-1)1;),
7 =1,2, ne sasucam om p;

2) 6bINOANAIMCA CUCTNEMYL PABEHCTNE

A1 =) N B = A+ gt + di(r) — di(0) + g7 + wda(0) =0,

A M2 (1 — ) YA+ B+ dy(11 + 1) — di(11)) + wda (11 + 72) =0,
Ml—e) Y A-B+ ¢ m+di(n+mn+m)—di(n+m)+q¢ +wdy(m+m)=0, (3)
A (1= Y B - A+ gt r+di(m) —di(0))+¢" = X1 =) LA+ B+dy (11 4+ 7)) —di(1)),
/\6)‘73(1 — e)‘T3)71(A —B+qg mt+di(n+mt+mn) —di(n+mn)+qg =
= A1 — M)A~ B4+ dy(T}) — di(11 + 72 + 73)),
A1 — A TH—A = B+ dy(T},) — dy(11 + T2+ 73)) + wdy(T)) =0 (4)
U cucmema Hepacercine

AN (1 — )Y B — A4 qTr 4+ di(m1) — di(0)) + ¢ + wda(r1) <0,

A1 - A-B4q m+di(n+7m+7)—di(r+7)+¢ +wdy(ri +72+73) > 0. (5)

HoxkaszaresbcrBo. [Iycrs ypasuenne (1) mveer T,-kosebaTeabHOE perieHe. DTO 03HATAET, UTO
TapaMeTphl PEIeHnst YIOBIETBOPSIIOT YCJIOBUAM onpenenerus 1. CHadaa 3amuiieM pereHe u ero
IPOM3BOJHYIO B 00IIEM BU/Ie HA HHTEPBAJIAX, YKA3AHHBIX B YCJIOBHUU 2), IPU 9TOM IIOCTOSIHHBIE €] U
C2, B3aBUCSIIEE OT TOPsiKa 00X0jla XapaKTepUCTHKH p, 0603HA4UM 4epe3 ¢ u ch coorercrsen-
HO. Barem o6paTHMCsi K YCJIOBUIO 1) JIJIsi HAXOXKJIEHUsI HEOUPEIECIEHHBIX TTOCTOSTHHBIX 0117 u cg Ha
KayKJIOM KYCKE TPAEKTOPHUI.

st Beex p € N u moGoro ¢ € [t5,th + 71], tue ) = (p — 1)T,, umeem

y(t) = e+ B+ gt +dit), gt) = AEeM + ¢+ wda(t) < 0. (6)

Venosust Y € Ly n Y2 € Ly u3 oupesenenus 1 pasnocuibubl pasencrsam (y(th),y(th)) =
= (B,y') = (B,0) u (y(th+m),9(th+ 1)) = (A,9?) coorsercrsento, npuaém y? < 0. Ucxons
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nus yCﬂOBHﬁ Ha IIepBbl€ KOOPpJAWHATBI TOYEK IIEPEKJIIOYCHUA, IIPUXOAUM K CUCTEME ypaBHeHI/Iﬁ OTHO-
curenvHO ¢ m b, a umenHo,

y(th) = B 4 b+ ¢ Hh + di (1)) = B,

y(th + 1) = E T 4 B gt (b ) +di(th + 1) = A. (7)
Hockonbky y(th) = B n y(th+7) = A s Beex p, To snavenns di(th) m di(th+ 1) ne saBucar
oT p, UTO OTpa>KeH0 B yTBep:KJeHUU 1) TeopeMbl 1, U BBINOJHAIOTCS PABEHCTBA czfe)‘tg =c u

b+ qtth =cl, orxyna

\4P
d=cie, G =c— g, (8)
e

ci=1-) B -A+gtn +di(n) - di(0), ¢ =B—c—di(0) (9)

Hocrostnubie ¢}, ¢ maiiaenst us cucrembl ypasuenuii (7) npu p = 1. Tenepb paccMOTpUM ycjioBHst
Ha BTOPbIE KOOPJIMHATHI TOUeK Iepekiodenns Y u Y2, Vmeem

gt = )\c’fe)‘tg +qt +wda(th) =0, ¢* = )\czfe)‘(th“Tl) + ¢ +wds(th+71) <O0. (10)
Honcrasum B (10) B7Mecto ¢} Boipaenne uz (8) u nosmydum
L= el +¢m +wda(t]) =0, 9% = et + ¢ +wda(t) +11) < 0. (11)

Hockonbky ¢t = y(th) n 92 = y(th+71) must Beex p, To snavenus: do(th) n do(th+71) ne saBucar
OT P, UTO OTPAXKEHO B yTBEPKJjeHUU 1) Teopembl 1, u HalijleHHAs TOCTOSTHHASL C% VIOBJIETBOPSET
cucreme (11) qyist Becex p, a 3Hauut, Jyisi p = 1 U, KaK CJI€JCTBUE, t(l) = 0, T.e. IMEIOT MECTO TIEPBOE
paBeHCTBO B (3) u nepBoe HepaBeHCTBO B (5).

Urak, nepsblii KyCOK TPAEKTOPUU DeIleHust MexKy npsambivu Ly u Lo 3amaéres GyHKIusaMu
B (6) ¢ nocrosubMu ¢] u ¢, onpenensiembivMn pasencTBamu (8).

st Beex p € N u st snoGoro t € (th,¢h + 72), e th =7 + (p — 1)1, mmeem

y(t) = BN + B+ di(t), §t) = AEeM +wda(t) < 0. (12)
Venosust Y2 € Ly u Y3 € Ly paBHOCHIBHBEI DABEHCTBAM
(y(t0), 9(t0)) = (A,9%),  (y(th +m2),5(th +72)) = (=B,§°) = (=B, 0).

CorjiacHO MEeTOJy IPUITACOBBIBAHUS Y? apiisieTcst TOUKON CKIICHKH IIEPBOrO ¥ BTOPOI'O KYCKOB Tpa-
€KTOpUU. YCJOBUA Ha IePBbIe KOOPJAWHATHI TOYEK IEPEKTIOIeHU s Y2 n Y3 OPUBOAAT K CHCTEME
YPpaBHeHUN

y(th) = EeMo 1 B+ di(tg) = A, y(th + 1) = e (t5+72) + b+ di(th + ) = —B. (13)

[ockonbky y(th) = A u y(th + ) = —B aua Beex p, To 3uavenns di(th) u di(th + m) me
3aBUCAT OT P, 9TO OTPAsKEHO B YTBEPKJCHUU 1) TeopeMbl 1, U BBINOJHAIOTCS PABEHCTBA

& =cie™, & =d, (14)

rJie
C% :(l—eATQ)_l(A—I—B—I—dl(Tl—I—TQ)—d1(7‘1)), C%:A—Cl d1(7'1) (15)

[TocrostHubIE c%, c% Hafijienbl u3 cucrembl ypashenuii (13) npu p = 1, a 3Hauur tO =T].
VciioBHsL Ha BTOPBIE KOOPAMHATEI TOUYEK HMePeK/oueHus Y2 u Y3 paBHOCHIILHBI PABEHCTBAM

22 AN + wdy (1) = Al + wda (1),

JNOOEPEHIIMAJ/IBHBIE YPABHEHUA tom 59 Ne 6 2023
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= )\c’fe}‘(thrTQ) + wda(th + 79) = Acte ™ + wda (1 + 79) = 0. (16)

Hockonbky 92 = y(th) n ¢ = g(th + m2) ana Beex p, 1o snavenust do(th) n do(th + m2) ne
3aBUCAT OT P, UTO TAKyKe OTPAryKeHO B yTBep:KJeHu:u 1) Teopembl 1, U Haif/leHHAS MOCTOSHHAS Ci
YJOBJIETBOpsieT cucteMe paBeHCTB (16) jjist Becex p, a CIe0BaTeIbHO, g p = 1 u t(l) =T, T.€.
HMEIOT MeCTO BTOPO€ PaBeHCTBO B (3) u mepBoe paBeHcTBo B (4).

Uraxk, BTOpOil KycOK Tpaekropuu pernenusi mexxay Lo u Lg 3amaéres dbynxmusmu B (12) ¢
nocrogHHBIMI ¢} m ch, onpenensiembivn pasencrBamu (14).

st Beex p € N u moGoro ¢ € [, th + 73], tne th =71 + 72 + (p — 1)T}, umeem

y(t) = BN + B+t +di(t), gt) =AM + ¢ +wda(t) = 0. (17)

Venopuss Y3 € Ly u Y* € Ly pasnocusbubt pasenctsam (y(th), y(th)) = (=B, 9%) u (y(to +
+73),9(to + 73)) = (—A,9*), tme ¥3 = 0, y* > 0. Touka mepexmodenns Y3 spusgercs TOIKOlH
CKJIefIKH BTOPOTO 1 TPETLero KycKoB TpaeKTopuu. W3 ycosmit Ha mepBble KOOPIMHATHI TOIeK Y 3
n Y* nomyuaem cucremy ypasmrenmit

y(t) = A0 + & + ¢ 18 + dy (17) = —B,

y(th + 73) = czl’e)‘(thrm) + &4 q (th+73) + di(th + 13) = —A. (18)

Pagencrsa y(th) = —B n y(th +73) = —A umeror mecto a1 Beex p, mosromy suavenns dp (th) u
d1(th+73) He 3aBHCAT OT P, UTO BHECEHO B yTBEp:K/eHHE 1) T€OPEMBI 1, U BBIIOIHAIOTCS PABEHCTBA

cﬁ’ = c%e_)‘tg, cg = c% — q_tg, (19)
rie

C% = (1—e)‘73)_1(A—B+q_7'3+d1(7'1 +T2+T3)—d1(7’1 —|-7'2))7 C% = —B—C% —d1(7’1 —|-7'2). (20)

[TocrostHubIE c%, c% Hafijienbl u3 cucrembl ypashenuii (18) npu p = 1. U3 ycsiosuii Ha BTOpBIE

KOOpAWHATBI TOYEK ITEPEKJIIOICHUA Y3 n Y4 nMeeM COOTHOIIIEHUA
PP =AM 4 g7 + wdy(t) = Aeh + ¢~ + wdo(18) = 0,

gt = AEMEHT) L wdy (1) + 73) = Ael e 4 ¢ + wdy (8 4 73) > 0. (21)

Hockombky 92 = y(th) u §* = y(th + 73) mns Beex p, To snavenns do(th) u da(th + 73) ne sapu-
car ot p (OTpakeHo B yTBepzKJIeHHH 1) Teopembl 1) U Haif/leHHast IOCTOSHHAS Ci Y/IOBJIETBOPSET
cucreme (21) jyist Bcex p, a 3HauuT, 11t p =1 u t(l) = 71 + T2, T.€. UMEIOT MeCTO TPeThe PABEHCTBO
B (3) u Bropoe HepaseHcTBo B (5). UTak, Tperunii KycoK TpaeKTOPUU PEIleHns] MeXK/Ly IpsAMbIMU L3
n Ly sanaéres dynxmuamu B (17) ¢ nocrosaabiMu ¢f u b, onpenensiempivu pasencrsamu (19).

Haxonen, ayist Beex p € N u gyst smoboro ¢ € (85, ¢ + 74), tme th =+ + 71+ (p— 1)1,
uMeeM

y(t) = EeM B+ di(t), y(t) = AEeM +wda(t) > 0. (22)
Venopust Y4 € Ly u Y € Ly paBHOCHIBHBI PaBEHCTBAM
(y(t5), 9(t0)) = (=A,4*) w (y(t§ +7a),§(tf + 1)) = (B,¢") = (B,0)

coorsercreenno. Toukn Y4 u Y gpisioTcs TouKaMm CKJICHKE TPETHEro, 4eTBEPTOr0 U 4eTBEPTOrO,
IIEPBOT0 KYCKOB TPAEKTOPUU COOTBETCTBEHHO. YCJ/IOBUSI HA IEPBbIE KOOPIUHATHI TOUEK MEPEKJIIOUe-
mnsg Y4 u Y1 npusogar x cucreme ypaBHeHMI

y(th) = M+ +di(th) = —A, y(th+ ) =4 L L At +m) =B (23)
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Muetor mecro pasencra y(th) = —A u y(th + 74) = B ana Beex p, mosromy suauenust di (i)
u di(th + 74) He 3aBHCAT OT P, UTO OTPaXkKeHO B yTBEPKJEHHU 1) TeopeMbl 1, W BBINOJHSIOTCS
paserncrea (14) gua th =71+ o+ 73+ (p — )T}, tae

ci=01—- N ~A-B+d(T,) —di(ri+ 12 +73), cs=—-A—ci—di(n+72+13). (24)
Hocrostnubie ¢f, ¢ naiijens u3 cucremel ypasuennit (23) npu p = 1.
VeioBust Ha BTOpBIE KOODIMHATHI TOUeK nepexsodenus Y4 u Y1 paBHoCHIBHBI paBeHCTBAM

gt = AEeM0 + wdy (7)) = Al + wdy (t8),

gt = A& L Gdy (1) 4 14) = Aele™ + wdy (8 + 74) = 0. (25)

Hockombky § = ¢(th) u ¢! = y(th+74) ana eex p, To smavenus do(th) u da(th+74) we saBucar
OT P, UTO OTPAXKEHO B yTBEPKJjeHUU 1) Teopembl 1, u HalijleHHAsT TOCTOSTHHASL C% VJIOBJIETBOPSIET
cucreme (25) jyist Becex p, a 3HaUUT, U it p =1 u t(l) = 71 + 79 + 73, T.e. UMEIOT MeCTO BTOpoe U
Tperbe paBeHCTBA B (4).
Wrak, 4eTBEPTHII KyCOK TPAEKTOPUY PeIlleHns MeXK 1y npsaMbivMu Ly u Ly 3amaércs GyHKIuSMUA
B (22) ¢ mocrosubMu ] u b, onpenensiembivu pasercrBamu (14), B KOTOpBIX tg = 71 + T2 + T3+
+(p — )T, m mocrostHHbIe €1, 3 BormcasmoTes Mo dbopmynam (24). Teopema mokaszana.
Hocrarounoe ycinosue cyimecrBoBanust 1,-KojebaTeabHOTo perenns ypasaerns (1) maér
Teopema 2. [Tycmwv npu nexomopom 3adanmnom T, > 0 GoiNOAHAIOMCA CACOYIOUUE YCAOBUA:
1) 11 — Haumenvwee (uau eduncmeennoe) pewerue YpasHeHUs

ML —eM) Y B - A+q 2 +di(z1) — di(0) + " + wdz(0) = 0, (26)

ede z1 — mesasucumasn nepemennas us unwmepsana (0,7);
2) T — naumenvwee (Ut eOUHCTMBEHHOE) PEUWEHUE YPABHEHUA

)\eAZQ(l — 6)‘22)_1(14 + B+ dl(Tl + 22) — d1(7'1)) —I—wdQ(Tl + ZQ) =0 (27)

npu Gurcuposarnom 3navenuu Ty, 20e zy — nesasucumas nepemennan ud unmepsana (0,1, —11);
3) T3 — naumenvwee (uau edurcmeentoe) pewenue YpasHenus

)\(1 — €>\Z3)_1(A —B+q 23 +d1(7’1 + 7o + 2’3) — dl(T1 —|-7'2)) +q +wd2(7'1 +T2) =0 (28)

npu PUKCUPOBAHHBLT 3HAYEHUAT T1 U To, 20€ 23 — HE3AGUCUMGAA MEPEMEHHAL U3 UHMEPEAAG
(0,7, — 11 — T2);

4) seaununve T1, To, T3, onpedesérmvie 8 Ycaosusxr 1)-3) coomeememeento, u eAUNUNHAG T4,
sorucaseman no gopmyse T4 = T, — 11 — 7o — T3, ydosaemeoparom ymeeporcoenuro 1) meopemoi 1,
cucmeme pasercme (4) u nepaserncme (5).

Tozda cywecmeyem T, -koaebamenvroe pewenue ypashenus (1) ¢ epemenamu nepexoda Ti, To,
T3, T4 U MOYKAMU NEPEKAIOUEHUA

Yl = (B,O), Y2 = (A,:l)2), Y3 = (—B,O), Y4 = (_Aay4)7 (29)
2de
yQ = A(l — 6)\72)71(‘4 + B + dl(Tl + TQ) — dl(Tl)) +wd2(7'1),
3)4 = /\(1 — 6)‘74)71(—_4 — B + dl(Tr) — dl(Tl + T2 + Tg)) +wd2(7'1 + T2 + Tg).

Hoka3zaresberBo. [lycers 3anana sesmannaa T, > 0 u BbinosHeHo yejosue 1) reopembr 2. Tor-

Jla IMeeT MeCTO IepBoe paBeHCTBO cucTeMbl (3). VI3 ypaBaenus (26) ¢ yuéToM HaYaIbHBIX YCJIOBUIL
. _ 1 _ . _ A .2

(y(0),y(0)) =Y = (B,0) creayer pasencrso (y(z1),y(z1)) = (A,y"), UITO SABISETCS yCIOBUEM

onpenesnenust 1 mpu p =1, z; = 7| U PABHOCWJIBHO yTBEPXKIECHUIO, YTO M300paKAIONIAsi TOUKA Pe-

nterusi y(t) npuHaIekuT npsaMoit L B MomenT Bpemenu t = 0 u npsiMoii Ly B MOMEHT BpeMeHH
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t = z1 > 0. Ypasuenue (26) siB/sieTCsl TPAHCIEHJIEHTHBIM M MOXKET MMETh HECKOJIbKO DeIleHuid,
KOTOPBIE COOTBETCTBYIOT MOMEHTAaM BPEMEeHH JOCTHXKeHUsI WK Tepecedenust npsimoit Lo. ITo yeiio-
BUIO BeJINUMHA T] SIBJISETCS HAMMEHBITMM (HMJIM €IMHCTBEHHBIM) perenneM ypasaenus (26). Torma
n300pazkaoIas TOUYKa JIBUKETCS [0 KYCKY TPaeKTOPHH, KOTOPBIH 3a1aércs dyukuusMu B (6) 11
p =1 c nocTogHHBIMU c% u c%, onpeesgeMbiMu pasencTsamiu (9), u3 Toukn Y! € Ly K upamoit Lo
Ha npomexxyTke [0,71) ¥ BIepBBble IPUHAIEKUT psiMoii Lo B Moment Bpemenn t =1 € (0,7,) B
touke Y 2. CrenoBarenbHo, 3HAUEHNE T| ABIAETCA BpeMEHeM Iepexo/a m3obparKkalomeil Toukn T.-
K0J1e6aTe/IbHOIO PEIlleHrsl 110 TIEPBOMY KYCKY TPAeKTODPHUU IIPU TIEPBOM 00XOJIe PeJIeiiHON XapaKTe-
puctuku. Ilycrs HaiieHHast BeJMauHa Ti YAOBJIETBOPSiET yTBEPXKICHUIO 1) TeopeMbl 1, a UMEHHO,
snadenns d;((p —1)T;) u dj(mi + (p — 1)T3), j = 1,2, me 3aBucar or p. Torga npu Bcex mocire-
JIOIIX 00X01ax peJieiiHoil XapaKTepUCTHKM T{ OCTAaéTcsl BpeMeHeM Ilepexojia u3 Toukn Y € Ly
B TOUKY IIepeKk/oueHns Y2 € Ly 10 mepBoMy KyCKY, COOTBETCTBYIOIIEMY P TPAaeKTOPUH, KOTOPBIil
saztaéres dyukiusavu B (6) ¢ nocrostnubiMu ¢ u b, onpesensiembivu pasencTsamu (8).

[Tycrs BbIONIHEHO yesioBue 2) TeopeMbl 2. Torya umeer MeCTO BTOPOE PABEHCTBO cucteMbl (3).
U3 ypasrenus (27) ¢ yaérom madaibabix yestosuit (y(71),7(m1)) = Y2 = (A, §?) ciemyer paBeHcTBO

(y(11 + 22),9(m1 + 22)) = (=B, 0),

9TO SABJISIETCS YCJIOBUEM olpejiesienusi 1 ipu p = 1, 2o = To ¥ PaBHOCWILHO yTBEPXKJIEHUIO, UYTO B
MOMEHT BpeMeHH t = 7| M306parKaloas TOUKa HAXOMUTCS B TOUKe Y2 € Lo, a B MOMEHT BpEMEHH
t =T 4 z9 > 71 upuHAMIEKUT UpsMoit L3. YpasHenue (27) TakKe sIBJISETCS TPAHCIIEHIEHTHBIM 1
MOXKET MMETh HECKOJIbKO PEIeHUil, KOTOPbIE COOTBETCTBYIOT MOMEHTAM BPEMEHU JOCTHXKEHUS WJTU
nepecedenust psaMoit Lg. TToCKOJIbKY BeMunHA To SIBJISIETCS HAMMEHBIIMM (UJIM €JIUHCTBEHHBIM )
perienreM ypasaenust (27), To m300parkaromias TOYKa JIBUKETCS MO KYCKY TPAeKTOPHUHU, KOTOPBIil
sayaéres byakmusavu B (12) 11 p = 1 ¢ TOCTOAHHBIME ¢f W ¢}, ompesieiseMbIME paBeHCTBA-
vu (15), m3 Toukn mepexmouennsa Y2 € Ly  npamoit L3 Ha IPOMeKyTKe [T, 71 + T2) U BIepBbIe
IPUHAJJIEXKUT TIPAMOit L3 B MOMeHT Bpemenu t = 11 + 75 € (11,7;) B TOUKe Y3, Orciona cieny-
€T, UTO BEJINUMHA Ty SIBJISIETCS BPEMEHEM IIepexoia M300parKarolleil TOUKHM PEIIeHUs] 10 BTOPOMY
KyCKY TPaeKTOPUHU IIPHU [I€EPBOM 00x0je peJsieitHoil xapakrepuctuku. [Ipu BbiosHeHUN yTBEpK/Ie-
uust 1) Teopemst 1 o Tom, uro sunadenust d;(m + (p— 1)71;) u dj(r + 2o+ (p—1)T3), j=1,2, ne
3aBUCAT OT P, I[PU BCEX IMOCJEMYIONUX 00X0OHax pesieiiHON XapaKTePUCTUKU HailJleHHas BeJIMInHa
Ty OCTABTCs BpeMEHEM Iepexoja u3 Touku Y2 € Ly B TOUKY nepexsoueHuss Y3 € Lz 110 BTopoMy
KYCKY, COOTBETCTBYIOIIEMY P TPAEKTOPUH, KOTODbIii 3aaércest pyHKnusMu B (12) ¢ mocTosiHHbIMU
¢ u b, onpenensiembivMu pasencrsamu (14).

[Tycrs BBINOJIHEHO yCcsoBue 3) TeopeMbl 2. Torja mMeer MECTO TpeTbe PABEHCTBO cucTteMbl (3).
U3 ypasuenns (28) ¢ yaéroMm madambubix yeaosuit (y(m1 4+ 72),9(m1 +m2)) = Y3 = (=B, 0) cuexyer
pPaBEHCTBO

(y(r + 12+ 23),5(11 + 72 + 23)) = (=4, 9%),

YTO SABJISIETCS YCJAOBUEM oOlipenesienns 1 mpu p = 1, 23 = 73 ¥ O3HAYAET, YTO B MOMEHT BpPEMEHU
t = 71 + T m306paKaoIas TOUYKa HAXOIUTCS B TOuke Y3 € L3, a B MOMEHT BpeMeHu t = 71 +
+7y + 23 > 71 + To UpuHAIEKUT OpsimMoii Ly. Ypasrenue (28) MOXKET MMETh HECKOJIBKO DEIeHHi,
KOTOpPbIe COOTBETCTBYIOT MOMEHTAM BPEMEHU JIOCTHUKEeHUsI WIu Iepecedenust npsmoir Ly. Ilo yciro-
BUIO BEJINUMHA T3 sIBJISETCsS HAMMEHbITMM (MM €IMHCTBEHHBIM) pernenueM ypasHenus (28). Torua
u300pazkaIias TOUKa JIBUKETCS 110 KYCKY TPAeKTOPHUHU, KOTOPbIH 3aaércs dyakumsivu B (17) st
p = 1 ¢ nocrosHHbIME i u ci, omnpesensembivu pasercTBamu (20), U3 TOUKH TEPEKTIOUEHHsT
Y3 e Ly k npsiMoii L4 Ha TIPOMEXKYTKe [T1 + T2, T] + T2 + 73) W BHEPBbIe IPUHAJICIKUT IIPSIMOI
L4 B MomeHT Bpemenu t = 1) + 79 + 13 € (11 + T2,1) B TOuKe Y*. Crenosarenbno, 3HadeHne
T3 SBJISIETCsl BPEMEHEM IIepexoa n300parkKaloeil TOYKIA PElIeHUs] 110 TPEThbeMy KYCKY TPaeKTOPUU
upu 1epBoM o6xojie pesieiiHoii xapakrepuctuku. Fcau umeer mecto yrBepxkjenue 1) teopembl 1 o
ToM, 4ro 3HadeHus: d;(ti +7m+ (p—1)T;) u dj(ni+m+7m+ (p—1)T;), j=1,2, #e 3aBucar or
P, TO NPH BCEX IOCEIYIOMUX 00Xo/axX peJieiiHoil xapakrepuctuku (p > 1) HaiiienHas BeamdnHA
T3 OCTA8TCsl BpeMeHeM Iepexosia u3 Touku Y3 € Ls B Touky nepeksmodenust Y4 € Ly 1o Tperbemy
KYCKY, COOTBETCTBYIOIIEMY P TPAEKTOPUH, KOTODbIii 3aaércest pyHkuusMu B (17) ¢ mMoCTOssHHBIMU
¢ u &, onpenensiembivmu pasencrsamu (19).
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[Tycth BbIIOIHEHO yCaoBHE 4) TEOpEMBI 2, T.e. HAllJIeHHbIE BEJUUUHBL T1, To, T3 U OJHO3HAUHO
onpesIe/IeMas U3 PABCHCTBA Y i) T; = T}, BEJUMUHA T4 YJOBJIETBODSIOT CHCTEME PAaBEHCTE (4) 1
HepaBeHCTB (5), a Takyke yTBepxKeHnio 1) Teopemsl 1 B Toit actu, uro 3uadenus d;((p —1)71;) u
dij(ri + 2+ 13+ (p—1)7T,), j=1,2, ne 3aBucar or p.

BeinosiHeHre TpeThero paeHcTBa B (4) 03HAYAET, YTO 3HAUEHHE T4 SIBJISIETCS PENICHUEM yDPaB-
HEHUsT

AeMi(1 — )TN —A - B+di(T}) —di(r1 + 72+ 73)) + wds(T},) =0 (30)

OTHOCUTEIBHO He3aBucumoii nepementoit z4 € (0,7, — 71 — 7 — 73]. U3 ypasuenus (30) ¢ yuérom
HaYaJIbHbIX yCJIOBUM

(W(r + 1 +73),9(11 + 72+ 13)) = V= (—A,?f)

clellyeT paBeHCTBO
(Y(r1 + 12 + 734 21),9(11 + T2 + 734+ 24)) = (B,0).

1o ycaosue omnpeenenuss 1 npu p = 1 u z4 = T4, KOTOPOE O3HAYAET, YTO B MOMEHT BpEMe-
HA t = 7| + To + 73 U300pazKkaiomas TOYKa HAXOAUTCA B Touke Y4 € L,, a B MOMEHT BpeMeHH
t=T14+ T+ T3+ 24 > 71 + T2 + 73 npuHaIEKRUT OpaMoii L. HerpymaHo 3aMeTuUTbH, 9TO ypaB-
nenne (30) uMeeT eMHCTBEHHOE DEIIeHne, a 3HAYUT N300pazkarolias TOYKa PEIIeHUsT IBUKETCS 110
KYCKYy TPaeKTOPHH, KOTOPBIi 3amaéres dyHkimsamu B (22) mig p = 1 ¢ IOCTOSHHBIME c% i c%,
oIpe/ie/IieMbIME paBencTBaMu (24), u3 Touky nepexsodenns Y4 € Ly k npsamoit Ly Ha nHTepBasie
[T1 4+ T2+ 73,T,) u BuEpBbIe JocTuraer upsiMyio L; B MoMeHT Bpemenu ¢ = T, B TOUKe Y!. Cneno-
BaTeJbHO, 3HAYEHUE T4 SIBJISIETCS BPEMEHEM IIepPexoa M300paskarolieil TOUYKN 10 9eTBEPTOMY KYCKY
TPAEKTOPHUH TP MEPBOM 00XOJIe peJieifHol XapaKTepucTuku. Ecim BbImosHsieTcst yrBepKaeHue 1)
TeopeMbl 1 B yKa3aHHOW YaCTH, TO IPHU BCEX IOCJIEAYIONIMX O00XOJaX peeiiHOf XapaKTepPUCTUKU
HalileHHAs] BEJIMUNHA T4 OCTASTCS BPEMEHEM IIepexojia U3 TOUKH Y4 € L4 B TOUKy MepeK/IIOueHst
Y! € Ly 1o 4erBéproMy KYCKY, COOTBETCTBYIOIIEMY P TPAEKTOPHHU, KOTOPbIH 33aéTcsi (DY HKIIHSAMI
B (22) ¢ nocrosHHBIME ¢ u ¢h, oupenessiembivu pasercrBamu (14) ¢ t) = 11+ 12+ 13+ (p— 1)1,

CoBMeCTHO ¢ yTBepXkKJeHueM 1) TeopeMbl 1 BBINOJHEHHE IIEPBOrO M BTOPOrO paBeHCTB B (4)
PaBHOCHJIBHO BBIIIOJHEHHIO YCJIOBHH CKJIEHKH II€PBOIO, BTOPOIO KYCKOB TPAEKTOPHil B Touke Y2 u
TPETBEro, 4eTBEPTOro KyCKOB TPAEKTOPHUil B Touke Y4 COOTBETCTBEHHO, a BBHIIOJIHEHNE HEPABEHCTB
B (5) PaBHOCHIILHO BBIIOJHEHUIO YCJIOBHI

P=yrn+@-1DT)<0 u ¢*=g(n+n+m+@p@-1T)>0

onpejenenust 1 npu Beex p. OTciofa cjelyeT, 4To TpaeKTOpUsl PEIeHus SABJIsIeTCsl 3aMKHY TON Kpu-
BOI.

Takum obpaszom, cymiectByer T.-kosebaresbHoe pereHue ypasHenus (1) ¢ HalfijieHHbIMU Tia-
pamerpamu. Hanmenbinme (mim eIMHCTBEHHBIE) pellleHnst Ti, T, T3 ypaBHeHumii (26), (27), (28)
COOTBETCTBEHHO U BeJIMYUHA T4 Takasl, YT0 T4 = T, — 7] — To — T3, SIBJISIOTCS BPEMEHAMHE II€PeX0Jia
ero n300pazkaleil TOYKN Ha COOTBETCTBYIOIINE MIPsIMbIe TIEPEKTIOYEHUsI U3 TOYEK IePEKJII0YeHNUsT
Y, Y2, Y3 u Y* xoropsle naxomsarcs 1o dopmysianm (29). Beipaskenns gaias 2 u gt momyue-
Hbl 13 paeHcTs (16) u (25) ¢ COOTBETCTBYIONIEH MOCTOSIHHOM €}, WTO OTPAsKEHO B yTBEDIKJICHUH
TeopeMbl 2. TeopeMa J0Ka3aHa.

3. Teopema cymiecrBoBanust T,.-tiepuogudeckoro perineHud. CyIecTBOBaHIe TEPUO/IAIe-
CKOI'O PEIlleHUsl YCTAHAB/INBAELT

Teopema 3. [lycmov evinosnaromes yciosus meopemos 2 u 3navenue T, xpammo 27 /w, w > 0.
Toz0a cywecmsyem T,.-nepuoduveckoe pewenue ypasrerus (1).

HokazareabcTBo. [lycTs nmeror mecto ycmoBust TeopeMsl 2. [Tokazkem, aro T).-KosiebaTebHOE
perierne ypasHenust (1) siBisiercst T.-niepuojmdaecknM, ecau 3uadenue 1, kparHo 27m/w, w > 0,
re. T, =2rk/w, k€ N.

Bocnonbayemcest MeTo1oM 3aMeHbl nepeMerHoit n ot yuknumit y(t) u ¢(t), 3aBHCAIMX OT Te-
KyIIero BpemMenu t, mepeijigM K (PYHKIUSIM, KOTOPbIE 3aBUCST OT BPEMEHM IEPeXoJa T IO i-My
KycKy aszopoit Tpaekropun (i = 1,4) 1pu p-m obxoje xapakrepuctuku N ().
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PaccmoTpuM nepsbiit Kycok hazoBoii TpaekTopuu pemenusi st Becex p € N u jnoboro t €
€ [th,th + nl], tne th = (p — 1)T,. Honoxknm 7 =t —th. Torma 7 € [0,71] n dbynknun B (6)
IIPUHUMAIOT BU

y(r +18) = EATHO) 4 B 4 gt (r + D)+ di(r +18),  g(r +18) = AEATHO) 4 g 4 wdo (7 + 1)

nJjm (IIOCﬂe II0ACTaHOBKHN Bpra)KeHI/Iﬁ BMECTO IIOCTOAHHBIX 0213 n CZ; COIJTaCHO paBeHCTBaM (8) n
npeobpa3oBaHus )

y(r+th) = c%e’\T + 4 gt +di(r+ th), ylr+h) = )\c%e’\T + ¢ +wds (1 + th), (31)

IJle TIOCTOsTHHbIE ¢, ¢} ompesensiores o dopmymnam (9). ObosHaumM npaBbie acT pasercTs (31)
uepe3 Y4 (7) m 9] (T) coorBercrBenno, T.e.

() =y(r +15), 91(7) =3(r +1).

Hasee, cenyst aHAJIOTUIHBIM PACCYZKJIEHUSM, Ha TPEX MOCIEAYIOMUX Kyckax (hasoBoOil Tpaek-
TOPHH DeIlleHNsl ¢ MOMOIIBIO COOTBETCTBYIOMeil 3aMennl T = ¢ — th mpeobpasyem y(t) u y(t) x
byakuusm yP (1) n ¢ (r), i =24

Wrak, Ha BTOPOM KycKe TpaeKTopuu s Bcex p € N u jmoboro t € (tg, tg + 79), rue tg =7 +
+(p — 1T, dyuxuu B (12) ¢ HoBoit nepemennoit 7 € (0,72) IPUHUMAIOT BUJL

yo(r) =yt +t5) = c1eM + ey +di(r + 1), 95(7) = y(T +t5) = Acje + wda (7 + 1)),

rie ci, ¢ Beramensiores mo dopuyste (15). B MOMEHTDI CKJIEHKE TPaeKTOPHH, KOTOPBIE COOTBET-
cTByIOT ToukaM Y2 u Y3, HMeloT MecTo paBeHCTBA

y5(0) = y(tg) = A, 95(0) = y(t) = §°,

yh(ra) = y(ra +t5) = =B,  h(12) = §(r2 + 1g) = §° = 0.

Ha Tperbem Kycke Tpaexkropuu st Beex p € N u soboro t € [, t5 + 73], tne th =1 + o +
+(p — )T, dyuxmun B (17) ¢ nepemennoit 7 € [0, 73] upuHIMaOT BRI

vh(T) =y(r+th) = c%e” + c% +q r+di(r+8h), h(r)=gylr+th) = )\c%e)‘T + ¢~ + wda (T + ),

e i, cb Bermcnsmiores o dopuyite (20).
W, makoHer, Ha YeTBEPTOM KycCKe TpaeKTopuu jisi Bcex p € N u jroboro t € (tg,pTT), rie
th=1+7+1+ (p—1)T,, bynxuun B (22) ¢ nepemennoit 7 € (0,74) NPUHAMAIOT BUJL

Vi(T) = y(T + ) = 1M + ey + di(r +15),  Gh(r) = §(r +15) = At + wda (T + t7),

rje c%, c% BBIUUCIIOTCA 10 bopmyiie (24). B MOMEHTBI CKJIEHKH, COOTBETCTBYIOIIE TOUKAM IIe-

pexmodennss Y4 u Y1, umeror mecro paseHcTsa
yh(0) = y(t) = =4, 95(0) = y(tg) = 4",

yi(ra) = y(ra+10) = B, §4(ra) = 9(ra + 15) = §' = 0.

Iycrs T, = 2wk/w, k € N. Oynxnua d;j(t), j = 1,2, saBusercsa 27 /w-IepHOATIECKOI, T.e.
yznosjerBopsier paseHcTBY dj(t) = dj(t + 2w /w) s groboro ¢ > 0. Torga Ha COOTBETCTBYIONHMX
KyCKaM TPaeKTOPHH HHTepBasax Jjlsl BeceX p crpaseymso pasenctso d;(T+t)) = d;j(t+th). Crueno-
BarenbHo, Gynxuun yt (1) u ¢F(7), i =1,4, He 3aBucar or p, u gus moboro p € N crpaseusbl
pasenctBa yi(7) = y(7 +th), i(T) = y(7 +th). Dro ozHauaer, UTO KAKJBIH KYCOK TPaeKTOpUH
IIPU TIEPBOM 00X0JIe COBIAIAET C COOTBETCTBYIOIINM KYCKOM TPAEKTOPUHU IPU BCEX IOCIIEMLYIONINX
00X0/1ax, MIOBTOPLAIONIUXCS Yepe3 BpeMs 1., T.e. pa3zoBast TPAECKTOPHUS PEIIEHUsI COCTOUT U3 IETHIPEX
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KYCKOB Ha, IPOTSI?KEHUU HEOTPAHUYEHHOI'0 KoJimdecTBa 00xo/0oB. Takum obpazom, mjist Bcex ¢t = 0
nmetor Mecro pasencrsa y(t) = y(t + 1), y(t) = y(t + T;), HOITOMY COIVIACHO OIIPEJEIEHHIO 2
pemenue spiserca T.-tiepuoandeckumM. TeopeMa JIoKa3aHa.

4. Tlepuoauyeckoe pelieHne C CUMMETPUYHOI TpaekTopmueii. Paccmorpum Th.-miepuo-
Jqudaeckoe perenne ypashernust (1) ¢ da3oBoit TpaekTopueil, CHMMETPUIHON OTHOCHTEIHHO HAYAJIA
KOOPJIMHAT II0CKOCTH (Y, 7).

Onpepenenne 3. T, -nepuoduseckum PeweHuem ¢ CUMMEMPUNHOT mpaekmopuet HA30BEM Ta-
koe T,-mepuojiaeckoe perenne ypaBuernust (1), KyCKu TpaeKTOPUH KOTOPOT'O Ha COOTBETCTBY IOIIIX
BPEMEHHBIX HHTEPBAJIAX YJIOBJIETBOPSAIOT YCIOBUIM

yi(r) = —y3(7),  91(1) = —y3(7),

Yo (1) = —ya(7),  Ua(7) = —3i(7).

O6osnaunm yepe3 T noaynepuod pemenus. Torma T = T, /2. Hocrarounoe ycjioBue CyIiecTBo-
Banug 27-TI€PUOJINIECKOTO pEelIeHnusl ¢ CAMMETPUYHON TPaeKTopueil JTaéT

Teopema 4. [lycmo evinoanaomes yciosus meopemv, 3 u 71 = 73, 7o =14, 1T = (2k—1)7/w,
k € N. Tozda cywecmsyem 2T -nepuoduueckoe peuenue ¢ cumMmempusrots mpaexmopued.

HokazareabcTBo. [Ipu BbinosiHeHnn ycjoBuit TeopeMbl 3 cyliecTByeT 1.-IIepHOMIecKoe pe-
merve ypasuenus (1). Ilyere 71 =73 uw 7o = 74. Torma T'=71 + 10 u T, = 27T.

Paccmorpum niepBoiit u Tperuilt Kycku pa30Boii TpaeKTOpUU Iepuoindeckoro perienus. Ha nep-
BOM KyCKe Jiis1 Jjiroboro 7 € [0, 71| nmeem

pi(r) =y(r) = cie™ + 3+ g T+ di(r), Gi(r) = §(r) = Acle + " + wda(7),
IJle TIOCTOAHHBIe ¢f, ¢} onpenensiorcs pasencrsamu (9), T.e.

cd=0-er)YB-A+qtm +di(n) —di(0), ¢t =B-cl—d(0).

- _gt
YaureiBas, 4To ¢~ = —¢q

T € [0,71] numeem

, T1 =73 u T = 71 + T9, Ha TPETbEM KYCKE TPACKTOPUH ]I JIOOOr0

ys(r) =y(r +T) = cie™ + ey — ¢+ di(r + T),
B =g(r+T) = e — ¢t +wdy(r +T),
1 1

rie ¢, €y onpenessiorcs pasencrsamu (20), KOTOPbIE DU BBIIOIHEHUN yCJIOBHI T€OPEMBI 3 1IpU-
HUMAIOT BHU]L

d=0-er)y Y —B+A—q¢tn+di(n +T)—dy(T)), =B —c} —dy(T).
Ilycrs T = (2k — 1)w/w, k€ N. Torma d;(t+7T) = —d;(7), j=1,2. Orciona cieayer cupasej-

JINBOCTb PaBEHCTB
1 3 -1 .3
yi(1) = —=yi (1), 91(1) = —97(7)

Jyist 1obbx T € [0, 71].
AHajIoruuHO paccMOTPUM BTOPOil U 4eTBEPTLIl KyCKH TpaeKTopuH pemienus. Ha BTopoM Kycke
st gioboro 7 € (0, 72) umeem

ya(1) = y(r +71) = cie’ + ey +di(r+ 1), () =91+ 1) = Acpe + wda (7 + 1),
rie cl, ¢} Beramensiores o dopmymne (15), T.e
et =(1—e’) A+ B+di(T) —di(m1)), cs=A—cl—di(m).
Ha uweTBépTOoM KyCKe B CHJIy PABEHCTBA To = T4 Jyist jitoboro 7 € (0,72) umeem
yi(r) =y(r+m+T) =cie’ + ey +di(r+ 7 +7T),
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Ji(1) = 9(r + 1 + T) = Aete™ +wdo(1 + 71 + T),

rje c%, c% OIIPEJIEIISIOTCsT paBeHCTBaMU (24), KOTOpbIe IPUHUMAOT BU/T

ad=1-er) Y (-A-B+d2T) —di(11 +T)), d=—-A—cl—di(n+T7).

Ouesngano, uro d;(7+ 11 +71T) = —dj(t+71), dj(ri+7T) = —d;j(n) u d;(2T) = —d;(T), j=1,2.
[osTomy mmeroT mMecto cootHomenust yi(7) = —yi(7), va(7) = —yi(7) ansa mobbix 7 € (0,72).
3amMernmM, 9TO B MOMEHTHI CKJIEHKN KYCKOB TPAEKTOPHUH CIIPABEJJINBBI PABEHCTBA

y(0) =y(m) = A, 3(0) =9(r) =9 wa(r2) =y(T) = -B, i(r2) =4(T) =0,

yi(0) =y(n +T)= -4, 40 =g(n+T)=—5° wyi(n)=y@2T) =B, yi(rs)=y(2T)=0.

YcnoBus omnpeiesieHnst 3 BBITOTHEHHI.

Takum obpasom, cyiiectByer T,.-TIEPHOJNIECKOE PeIlleHre ¢ CUMMETPUIHON TpaeKTopueil, rie
T, = 2T. Teopema joka3aHa.

B cuily cuMMeTpUYHOCTH TPAEKTOPUM OTHOCUTEJHHO Hadasa KoopauHAT (ha30BOW IJIOCKOCTH,
JOCTATOYHO PACCMOTPETH IEPBBIIl M BTOPOU KYCKH TPAeKTOPHUHU, KOTOPbIE COOTBETCTBYIOT PENIECHUIO
¢ 06X0I0OM XapaKTePUCTHKHI B OJHY CTOPOHY M JIByMsl ToYKaMmu Tepexsodenus Y ' = (B, gl), Y2 =
= (A, 9?) za momynepuon, T, tie ' =0, 92 <0.

Hust 2T-1ieproiiaeckoro perennsi ¢ CAMMETPHYIHOi TpaekTopueil cucremsl (3) u (4) ¢ yuérom
pasenctBa d1(0) = —dy1(T) mocne 3amenbl 79 = T — 79 UPUHUMAIOT BH/L

A1 =) N B = A+ gt + di(r1) — di(0) + g7 + wda(0) =0,
AP (1= ™) N B — At gt +di(m) — di(0) +¢7 = A1 — TN Y B4 A~ dy (0) — di (1)),
AMT=(1 — AT YA+ B+ dy(T) — dy(r1)) + wda(T) = 0, (32)
a cucreMa (5) IPUHIMAET BHUJI HEPABEHCTBA
A (1 =) HB - A+ gt +di(r) — di(0) + ¢F +wds(rr) < 0. (33)

Pasencrsa (32) paccMOTpUM Kak cucTeMy ypaBHeHUil, HpuHsaB 71 1 1’ 3a HepeMeHHbIe. YCIIOBHs
Pa3pEeIINMOCTH CUCTEMBI ypaBHeHUi (32) OTHOCUTEIBHO 71 IPU (DUKCUPOBAHHOM 1’ W BBIIOJHEHUS
HepaBeHCTBa (33) ycraHaBiuBaer

Jlemma. Beauvuna 11, onpedeasemasn oisn nexomopozo k € N pasencmeom

T = —% ln<1 + %Jfo)(e_)‘T + 1)), (34)

ede T =m(2k—1)/w, w >0, asasemca pewenuem cucmemv, ypasnenuts (32) us unmepsana (0,7T)
u ydosaemeopsem nepasencmey (33), ecau 6bnOAHAIOMCA CACOYIOULUE YCAOGUA:
1) umerom mecmo Hepasencmea

(e —1)g™ < (e + 1)wdy(0) < 0;

2) CMPABEIAUBDL PABEHCTNEE
1
A== (" +wdy(0) + B+ g +di(m) — i 0), (35)

_wds(0) ¢'m +di(0), (36)

B = (g +ud(0)(e T 1) gt - 220 L

2A
npuvwém 0 < A < B, u nepaseHcmeo
(g + wds(0)) > gt + wda ().
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HoxkazarennbcrBo. [Ipeobpasyem cucremy ypasuenuii (32) ¢ yaérom pasencrsa d;(1) =—d;(0),
j = 1,2. Jljus sToro obe YacTu MEPBOrO YPABHEHMS] YMHOXKHM Ha € 7!, a TPeThero ypaBHEHHs —

pazmemum na M)y nocse mepenoca caraeMbix B IpaBble UACTH MOJIYIUM PABEHCTBA
e (1- e)‘Tl)_l(B — A+ ¢t +di(n) —di(0) = —eT (g7 + wdz(0)),

M1 = TN =Y A 4+ B —dy(0) — di(m1)) = wdy(0)eN 1),

Bo Bropom ypasHenuu cucreMbl (32) ciiesiaeM 3aMeHbl B COOTBETCTBUU C STHMHU DABEHCTBAME U 110~
JIyYHM IIepBO€e ypaBHeHue peobpasoBanHoil cucTeMbl, 3anucantoil auxke. lazee obe qacTu nepsoro
ypaBHenus cucTeMbl (32) yMHOKEM Ha Bhpakenue e —T)(1 — e )| a rperbero ypapHeHus — Ha
soipazkenne 1 — M=) nocie ux crozKeHns ¥ TPYIIMPOBAHKS HOLYYNM BTOPOE YPABHEHHE IIpe-
0bpa3oBaHHOl cucTeMbl. HakoHell, B KauecTBe TPeThero ypaBHeHus IPeodPa30BaHHOl CUCTEMbI pac-
CMOTPHM ITIePBOE ypaBHEHHe cicTeMbl (32), 0be 4acTi KOTOPOro yMHOYKeHbI Ha BhIpazkenue 1 — e,
Taxum o6pa3oM, NPUXOAUM K CUCTEME

—eM (¢" +wdy(0)) + ¢ = e’\(Tl_T)wdQ(O),

AMT=TN@2B 4 ¢t — 2d1(0)) + ¢ + 2wda(0)) — X gt — wda (0)(e* +1) =0,
AB = A+ g m +di(m1) = di(0)) + (1 — ) (g" +wda(0)) =0, (37)

PaBHOCHJIBHON cucTeMe ypasHeHuii (32).
Baeném obosnavenue
P=141+e)wdy(0)/q".

[Tycrs BbIMOMHSIIOTCS HEpaBeHCTBa B ycjoBun 1) semmbl. Torma mas A > 0 (B 9ToM ciydae
gt > 0) umeroT MecTo HepaBeHCTBa

e M <14+ (1 +e Mwdy(0)/qF < 1; (38)
st A < 0 (B arom caydae g7 < 0) — HepaseHcTBa
1<1+(1+ewdy(0)/qt <e M, (39)

i (¢ yaéToMm BBeAEHHOrO BhIme obosHadenns) e~ < P <1 agma A >0n 1 < P < e M
g A < 0, me. P> 0. IIponorapudmupyem (38), (39). [Tocre ymuokenust Ha Bbipaykerune —1/\
npuxouM K HepaercreaMm 0 < —A"!In P < T.

[ycts Bomomsercs (34), te. 71 = —A"!In P. Torna 7 € (0,T). Pasencrso (34) nonyueno us
[epBOro ypaBHEHHsI CUCTeMbI (37), TI09TOMY BEJIMYMHA T| SIBJISIETCS PEIIEHUEM ITOTO yPABHEHUSI.

[Tycrs npu HaiijieHHON BesMYnMHE T, UMEIOT MecTo paBeHcTBa (35), (36), KOTOpPbIE MOJIYYeHbI
13 TPETbEro M BTOPOro ypaBHeHHil cucrembl (37) coorBercTBenHO. ClieI0BATEIBHO, BEJUYNHA T
YJIOBJIETBODSIET cUcTeMe ypasHenuii (37), a 3HAYNUT, SIBJISIETCS DEIIEHUEM PABHOCUJIBHON CHCTEMbI
ypasHeHuit (32).

[TycTh nMeeT MECTO HEPABEHCTBO B YCJIOBUH 2) JIEMMbI IIPU U3BECTHON BEJMYUHE Ti. BBINOJHE-
HI€ 9TOTO0 HEPABEHCTBA PABHOCUJIBHO BBITIOJHEHUIO HEPABEHCTBA (33) COBMECTHO C TEPBBIM PaBEH-
CTBOM CHCTeMBI (32), a IOCKOJIbKY BEJIMUMHA T| SIBJSETCS PElleHreM CHCTeMbI ypasHenuii (32), o
OHa YJIOBJIETBODsieT U HepaBeHCTBY (33).

Takum 06pa30M, €CJ/IU BBIIOJHSIOTCS YCJIOBUs 1) U 2) JIeMMbI, TO BEJIMUUHA T1, OIPEJesieMast
paserncTsoM (34) npu dbukcupoBanHom T, sIBJISIETCsI PENIEHUEM CUCTEMbI ypasHeHuil (32) u yj0BJie-
TBOpsieT HepaBeHCTBY (33). Jlemma mokazana.

IIpumep. Paccmorpum muddepentuaibioe ypaBHEHHIE

§(t) = 0.19634955(t) — 0.LN(y(¢)) — 0.1 cos(t + 0.6584073), (40)

rae A = 0.1963495, a = 3 = —0.1, w =1 u ¢ = 0.6584073. Ilycrs C = 0.602. Torma ¢" =
= 0.3065961, ¢q1 = 0.0962878 u go = 0.0527249. 3uech u jajee pacyérbl MPOBEIEHBI C TOYHOCTHIO
o 1077,
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Obparumcst Kk ycioBusim jiemmbl. [lycts & = 1, Torma T = w. CupaBeyiuBbl HEPABEHCTBA
yenosust 1), a mmenno, —0.1411441 < —0.0343235 < 0 (3mecy d2(0) = —0.0172108). Cormacno
pasercTBy (34) mvmeem 71 = 0.4603672. asee paccantaem napamerpel A u B no dopmynam (35)
u (36), rame di(0) = 0.1084207 u dyi(11) = 0.0894866. Torma B = 0.1255011 u A = 0.1082834,
upu stom 0 < A < B. Ilposepum Bbino/iHeHne HepaBeHcTBa B ycesosun 2). Ilockosbky da(m) =
= —0.0635877, To umeem Beproe HepaseHcTBo 0.3167624 > 0.2430083. Ycsosus 1) u 2) jieMMbl Bbi-
nosiaenbl. CrieoBaTebHO, HafiJIeHHOe 3HAUEHHWEe T1 SIBJISIETCS PEIIeHUeM CUCTEeMbl ypasHeHui (32),
KOTOPOE YJIOBJIETBOPsieT HepaBeHCTBY (33). DTO 0O3HAUAET, UTO BBINOJHSAETCS HEOOXOAMMOE YCIOBHUE
CYIIECTBOBAHUS 27T-TIEPUOJIMIECKOTO PEIIeHHs] ¢ CUMMETPUYHON TPaeKTOpueii.

O6paruMcst K yCIoBUsIM TeopeMbl 2. Ypasaerue (26) umeer OjHO pellleHHe 2| = T| Ha WHTEP-
Basie (0,7), mockoJibKy BrOopoe 3HadeHue z; = 6.39220008 > 27. VYpasuenue (27) umeer OHO
pemienue zo = 79 = T — 71 = 2.6812254 na unreppasie (0,7), BrOpoe 3HavYeHUHE 29 = 4.9526250 >
> T. Orcrofa caejlyer, 9To BeJIMYUHBl T| U Ty SBJSIIOTCS €JIMHCTBEHHBIME DPEIIeHUSIMU COOTBET-
CTBYIOIMX ypaBHeHuii. J{OMOJIHUTEIBHO UMEIOT MECTO YCJIOBUS TeopeM 3 U 4. SHAUUT, BBINTOJJIHSIETCS
JIOCTATOYHOE YCJIOBUE CYIIECTBOBAHUS 27T-IIEPUOJMYECKOTO PEIIEHUsI ¢ CHMMETPUYIHON TpaekTopueii.

Ha pucynke mnpejacrasien rpaduk CAMMETpUY-
HOI TPAEKTOPHUU 27T-IIEPUOJIUIECKOrO PEIICHUs ypaBHe-
uust (40) ¢ BpemeHaMn mepexofa

A
0.15

0.10 1 = 13 = 0.4603672, T = 714 = 2.6812254
0.05 ' 1 TOYKaMM II€PEKJIIOYEeHUSs
0 | v =(0.1255011,0),

0.05 - Y2 = (0.1082834, —0.0737541),
Y3 = -y = (-0.1255011,0),
s Y4 = Y% = (—0.1082834,0.0737541),
—U.1a b
Y

0.15 -0.10 -0.05 0  0.05 0.10 0.15 KOTOpBIE OTMEYeHbI Ha PUCYHKE U PACHOJIOXKeHbI Ha da-
Pucynok. TpaexTopus 27-IepHOAMYECKOrO  30BOM IJIOCKOCTH (Y, %) MO Xomy 4acoBoii crpenaku. Kyc-
pemennst y(t) ypapnerus (40). KH TPAaeKTOPUU MEXKJy TOYKAMU IEePEKTI0YeHns s

Beex p € N zanatorcs ciepyronmmvu byHKIHSIME:

1) mepsoit Kycok mast t € (2(p — 1), 2(p — 1)m + 1)

-0.10

y(t) = X2 ) 1 g (8= 2(p - D)+ da(t),  9(t) = A X TPETID 4 g wd (1),

rie cf = —1.4738273, ¢ = 1.4909076;
2) Bropoit Kycok mist t € (11 +2(p — D)m,m + 2(p — 1)m)

y(t) = cf 2T Loh L di (1), g(t) = Aete? T EETIT Lwdy (),

e cf = —0.0517765, ci = 0.0705734;
3) Tperuit Kycok st t € (m+2(p — 1)m, 7 + 7+ 2(p — 1)7)

y(t) =t oy — gt (t = 2pm )+ di(t), §(8) = AT — g 4wy (8),

e cf = 1.4738272, b = —1.4909076;
4) werBéprolii Kycok miast t € (11 + 7+ 2(p — 1)m, 2pm)

y(t) = T o) L di(t), () = AT wdy (1),

e cf = 0.0517765, ¢ = —0.0705734.
Pa6ora Beinosinena npu dbunancosoit nojepxkke Poccuiickoro vayunoro dgouma (npoexr 23-21-

00069).
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