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1. BBegenue u nocranoBKa 3aga4du. [Ipu MosempoBanuy MPUPOJIHBIX U TEXHUIECKUX [PO-
[IECCOB B HACTOSAINEE BPEMS YACTO BCTPEYAIOTCH CUCTEMBbI, BKJIIOYAIONNE B cebsi B3aUMOCBSI3aHHBIE
obbikHOBeHHbIE juddepenianbubie ypasaerusi (O/LY) pasauduHbIX HOPSIKOB U ajarebpandeckue
ypasHeHust (cM., Hanpumep, [1-4]). CoBokynHocTs B3anmocssizantbix OV u anrebpandeckux ypas-
HEHUl MOXKHO 3anucarh B Buje cucreMbl O/LY ¢ BBIPOXKIEHHON MaTpuUIlleil B 006/1aCTH OIpeIeIeHusT
IIPH CTapIneil MpPOn3BOAHON MCKOMOI BeKTOp-GYHKIMU. B jimHeiHOM cilydae 9TH ypaBHEHUSI NMEIOT
BHJI, PABEHCTB

k
Az = S 40D (t) = (), teT = (a8 CRY, (1)
1=0

rae A;(t) — (n x n)-marpurpr, z(t) n f(t) — mckomas u msBecTHas BekTop-bymKIuE, () (t) =
— (d/dt)'z(t), zO(t) = x(t), u BHIIOIHEHO COOTHOIMIEHME

det Ax(t) =0 s moboro t e T. (2)

Ecnu moneupyemblii iporiecc 06J1aiaeT mocaeaeficTBueM, TO CUCTEMA MOXKET BKJIIOUATH UHTEI DA
uble ypasuenus (1Y) Boasreppst u @peirosibMa mepBoro u BTOporo pojia, i €€ MOyKHO [IPEJICTABUTh
B BHJE CHCTeMbl nHTerpo-auddepentmanbubix ypasuenuii (U1Y)

k L B
(A +V 420y = 3 A0 + [ Ktoys)ds + A [ K(t.s(s)ds = £, 1T, (3
=0 ey e!
re A\ — CKaJspHBIi mapamerp (Bo3MoxKHO KoMmiutekcubrlit), KC(t,s), K(t,s) — (n X n)-marpuis,
onpeenéunsie B obmactu T X T, y(t) — uckomast BeKTOp-hyHKIHS.

IIpennonaraercs, 9To HavdaIbHbe ycsIoBUsA s cucteM (1), (3) 3amatorcst B Bujie paBEHCTB

Pxx(a) = dg, Pyy(a) = byv (4)
rae Py, P, - 3amaunble (¢ X nk)-MaTpPHUIBI IIOJHOTO paHra, ¢ < nk, ag, b, — 3aJaHHBIC BEKTODBI,
= (2%, ()7, (@F=D)ynyr gy = (7, (g, (D)) T T ppancnormposanme.

Banaau (1), (3), (4) upu Py, P, = E,), coBuazaior ¢ 3amadamu Kormn, Korga 3a1aHbl
x(a) =a= (agaa{v"'7a£—1)T7 y(a) =b= ( 87 rf7"'7b£—1)T7

rae F,. — enuHuYHAg MaTpuIia pasmeproctu nk, a;, b; —3amanuble BekTophl u3 R”, ¢ =0,k — 1.
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16 YUCTAKOB, YACTAKOBA

Cucrembl Buga (1), yjoBiersopsitoniye ycaosuo (2), HA3bIBAIOT B HACTOsIIEe BpeMsi dugihepen-
yuasvho-aszebpauseckumu ypasrerusmu (JIAY) [1]. Ucnonbsyrores: TakyKe TEPMUHBI “JIECKPUIITOD-
uble cucremsbl” [4], “anrebpo-muddepenimansusie cucremsr” (AIC) [5], “cunrynsprbie cucremsr” [6].
Broipazkenust Buza (3) ¢ yciaosueM (2) aBTOpBI Ha3bIBAIOT “BBIPOXKIeHHBIMEU cucTeMamu VJIYV” nim
“ITAY ¢ BO3MyIeHUSIMU B BHJIe oneparopoB Bosbreppsr” [7].

Hon pewenuamu cucrem (1), (3) mommmalorcss moGeie BekTop-dbynkmmm z(t),y(t) € CH(T),
KOTOPBbIe O0PAIIAIOT CUCTEMbI B TOXKIECTBO Ha OTpe3ke 1’ mpu nojcranoBke. Keimu BekTop-dyHKINN
x(t), y(t) ynosierBopsitor yciousiM (4), To oHm siBjsiforcesi perenusiMu 3aza4 (1), (3), (4).

Bameuanne 1. OueBuHO, 9TO Jyisi CyliecTBoBaHust perternii 3aa41 Komm jis cucrem (1), (3)
HeoGxoMMO (HO He Beerjia JI0CTaTOYHO) BhinosiHeHune Kpurepust Kponekepa—Kanesu B Touke ¢t = «
nst sekropos z(F) (), y*)(a), a mvenno:

rank A () = rank(Ag(a) | f(a) —a),

rank Ay () = rank <Ak(a) | f(a) —b— )\/ﬁK(a, s)s(s) ds),

e a = Zi‘:ol Ai(a)a;, b= Zi‘:ol Ai(a)b;, <(s) — HekoTOpasi BEKTOP-DYHKIHS.

Urak, mist pagpermmmmoctn 3amad Ko #eobxomnmo, 9Tobbl HadaabHbIe BEKTOPHI a;, b; Tpu-
HaJJIeyKaIl HeKOTOPBIM MHorooopasusMm R, R, C R*". Bosee Toro, jyisi paspemmMOCTH 331841
Kommu jyist cucrembl (3) HEOOX0MMa Pa3peNIMMOCTh CHUCTEMbI WHTEIDAJILHBIX yPABHEHUIl I€PBOTO
Po/a ¢ BBIPOKJIEHHBIM SJIPOM BUJIA

B
)\/LQK(a, $)s(s)ds = Lolf(a) — B,

[e%

neocobenHas marpuna L = <£;> obuamaer cpoiictBom LAp(a) = <Ak’6(a)>, 610K Lo nmeer

pasMepHOCTb [n — 7| X n, r = rank Ag(«a).

Marpunpt Py, P, B dopmynax (4) BBIOHPAIOTCSI IIPOEKTOPAMI HAYAIBHBIX JAHHBIX Ha Ry 1 Ry
coorBercrBerHo. B mkosie I A. Cupuioka yenosust suja (4) HasbBaoT yeaosusmu Lloyoamepa—
Cudoposa [8]. Husa JAY ycnosust B dopume (4) Beén Y0.E. Bosipunnes [9].

K magamxy 1990-x rr. 66110 ycTaHOBIEHO, 9TO dhopMmysa obparrerus omeparopa JIAY mepsoro
mopsiKa A1 TIpUM JOCTATOYHO TJIAIKUX BXOMHBIX JAHHBIX JJIsT HEKOTOPBIX KJIacCcoB JuHEHHBIX JIAY
cojiepkuT uHTErpo-auddepentuanbabiii oneparop (M10) ¢ ToxKIeCTBEHHO BBIPOXKIEHHON MaTpH-
el Ha orpeske T 1pu cTapIeil IPOU3BOIHON U BHIPOXK IeHHBIM sitpoM KC(, s) [6, c. 12]. Oxazasocs,
gyro takoil 110 M0xKHO TpakToBaTh Kak JIEBLI 0OpaTHLIA omeparop K oneparopy Aj. Drto crajo
JIOTIOJIHUTEJILHBIM CTHMYJIOM JIJIsl U3yYeHUs] BBIPOXKIeHHbIX cucreM VJTY [10].

B monorpaduu [2] nocrpoena Teopust BoIpoxk aeHHbIX cuctem UJIY ¢ aHa/mTHIecKuMu BXOTHBIMU
JIAHHBIMU U TIOJIy YEHbI YCJIOBUS CXOJUMOCTH PA3HOCTHOI'O METOJIA IIEPBOTO HOpsiiKa. B pamMkax 3Toro
noaxoza B mkojie FO.E. Bosipunniesa ObL1 oy deH psij, pe3yJibTaToB o paspemmmMoctu cucreM VLY,
IIOCTPOEH U 0OOCHOBAH PsiJi YUMCJIEHHBIX METOJIOB PEIIeHUs HAYAJIbHBIX U KPAEBBIX 33/1a4, BKJIIOUYAs
HesMHelHbIl caydail [11-16]. YrBepxuenus o cBoiicTBax BbIpOXKIeHHBIX cucreM VJTY co ciaaboii
0COGEHHOCTBIO B sijipe Jiokaszanbl B crarbe [17]. C madama 2000-x rr. B 9T0# 06/acTH HAYMHAIOT
AaKTUBHO paboraTh U 3apybexkHble MareMaTuku (cM., Hanpumep, [18-20] u npuBeJEHHYIO B HUX
6ub.morpaduo).

2. BcriomoraresibHble ONpPeesIeHUs] U Y TBEPXKICHUS.
Onpenenenne 1 (cm., nanpumep, [5]). IHoayobpammnot mampuuyed k (m x n)-marpuie M (t),

t € T, nazwiBaercss (n X m)-marpuna M~ (t), yuosjerBopsioiias Jjisi Jo0bix ¢ € T ypaBHEHUIO
Mt)M~(t)M(t) = M(t).

JUNOOEPEHIINMAJIBHBIE YVPABHEHIA tom 59 Nel 2023



CBOWICTBA BBHIPOYKJAEHHBIX CUCTEM 17

[TosryobparHasi MmaTpua onpejeseHa Jyisi aoboro ¢t € T u moboit (m x n)-marpuisr M (t) [5].
Ecm marpuna M (t) — kBaaparnas n neocobennas, To M1 (t) = M~ (t). Marpuna M ~(t) onpese-
JieHa B 00IIeM ciIydae HeeJInHCTBEHHBIM 00pa3oM (ee 4acTHBIM CJIydaeM siBJISeTCs [CeBI00bpaTHAsT
marpuna M (t)).

JIemma 1 (cM., Haupumep, [5, ¢. 35]). ITycmov 3adana cucmema AUHeTHbT GA2EOPAUNECKUT YPaG-
nenuti (CJIAY) M(t)x = f(t), t € T. Toeda:

1) ecau M(t) € CI(T), j € N{J{0}, rank M(t) = r = const dasa mobozo t € T, mo cywe-
emeyem mampuua M~ (t) € CI(T). Ecau rank M(t) # const, t € T, mo zomsa 6v 0dun saemenm
060t mampuyoe M~ (t) umeem paspvie emopozo poda na ompesxe T

2) CJIAY paspewuma mozda u moavko mozda, k0204 GbINOAHEHO YCAOBUE

@) f(t) =0, teT,
U 6ce e€ pewenus npedcmasgums, 8 sude
x=M"()f(t) + M(tw(t), teT,

2de T1(t) = [Ep— M ()M~ (t)], IL(t) = [E,— M ()M~ (t)] — npoexmopsi na Adpo u 06pas mampuib,
M(t) coomeemcmeenno, w(t) — npoussosvhas eexmop-PyHryus;
3) CJIAY umeem nocmosnmvie pewenus X mo2dd U Moavko mozda, k020

U 6ce e€ pewenus npedcmasumo, 6 cude
XxX=C0+(E,—C C)c 0aa mobozo cecR".

Huzxe HaM 1oTpedyroTCs HEKOTOpPBIE cBefleHust 0 cucremMax Y @pearosbMma epBOro poja

b = /f((t,s)g(s) ds = f(t), teT, (5)

[e%

rne K(t,s) — (m x n)-marpuia, onpenenéunas B oonacru T X T, ¢ = ¢(t) — ucKoMas BEKTOp-
dyHKIWHS.

Onpegnenenne 2. Snpo K(t,s) = ||ki(t, $)||i—tom, j—T; WMHTerpasbHBIX ypapHeHuil (5) Ha-
3BIBAETCSL GbLPONHCOCHHDIM, €CJIU BCE €r0 SJIEMEHTHI MOXKHO IPEJICTABATL B BUJIE KOHEYHON CyMMBbI
npoussesennit Buna kij(t,s) = S 07 @y (t)byi;(s).

JIemma 2 [15]. Jlo6oe mampuuroe sviposicdernoe 0po K(t, S) Pa3A0AHCUMO MG NPOU3BEIEHUE
mampuy, M(t) u L(s) pasmeprocmets (mxp) u (uxm) coomeememesento, ede (1 < nmmax ng;.

Tpumep 1. B ogromeprom ciiyuae, Korma K (t,s) = 320 a,(t)b,(s), i € N, Moxm0 npumsrh
M(t) = (a1(t),az(t),...,a;(t)) u L(s) = (bi(s),ba(s),...,bi(s))". Hampumep, nus sapa K(t,s) =
= (t — s)’ Bosmoxkno mpesncrasienue K(t,s) = (CY,... . C771,CI - 1)(1,—s,...,(—=5))", e
Cij =41/(j!(i — j)!) — GurOMUHAIILHBIE KODDUIMEHTHL.

Ha ocrose jieMMbl 1 1 IIpeCTABIEHNs BBIPOAKIEHHOIO siApa B Buje npomssegenns K (f,s) =
= M(t)L(s) B pabore [15] HoKa3aHO CIemyIOIIEe YTBEPIKICHE.

Jemma 3. ITycmo 6 cucmeme (5) adpo K(t,s) ewposcdennoe u M(t), L(s) — mampuun
us aemmo, 2. Tozda das paspewumocmu cucmemsvr (5) neobrodumo u docmamouno 6vnoaHeHUA
yca068ul:

1) §() = M()C6;

2) x =CCx,

2 JVOOEPEHIMAJIBHBIE YPABHEHUSA Tom 59 Nel 2023



18 YUCTAKOB, YACTAKOBA

6 komopwvir C = ff M™(s)M(s)ds, C = ffL(s)LT(s) ds, 0= ff M*(s)f(s)ds, x=C 0+ (E, —
—CC)e, ¢ — npoussoavuili sexmop uz RH.
Boaee moezo, 6ce peweHus cucmemvt ONUCHLEAOMEA Hopmyaot

<(t) =<(t) +£(t) = L*()Cx + (I - Do)w,

ede Dogw = ff Ko(t,s)w(s)ds, Ko(t,s) = L*(t)CL(s), I — edunuuwnwidi onepamop, w = w(t) -
npouseoavHan eexmop-@ynryus, Komopas obaadaem ceoticmeom b= CC~b, b= faﬁ L(s)w(s)ds.

Sameuanmne 2. O6paruM BHUMaHHe, YTO IIPOBEPKa YCJOBUII JIEMMBI 3 CyIIECTBEHHO yIIPOIIa-
ercs, ecim detC # 0. Torma mpu BbImONHEHHOM ycsaoBun 1) cucrema (5) mMeeT pereHus Ipu
IPOU3BOJILHBIX 3HAYEHUSIX BEKTOPA X U IIPOU3BOJIbHBIX BeKTOp-byHKImax w(t). OmHopoaHas cuc-
tema (5) P¢ =0 umeer menyaesoe sapo ¢ = (I — Og)w.

Ormernm emg ofHO 1ose3noe coorHomienue. Uz dopmyuist Jleiibuuna mis quddepeniimpoBanus
[IPOU3BEJIEHUIT BbITEKAET PABEHCTBO

di[MF] = M;[M]d;[F], (6)

e M = M(t), F = F(t) — nekoropble MaTpuiibl noaxossimeii pasmepuoctu uz C(T),

(d/y)M COM 0 o0

t 042s(1) 1

an = | | s = | SN G \.
(d/d;&)iM COM®  ciMmE=Y . CiM

3. CBenenus n3 Teopun guHeHbix JIAY. Breném ciemyromniue moHsITHSI.

Oupenenenne 3. [Ipocrpancrso pemennii (IIP) ommopomnaoro TAY (1) xomeunomepho, ecin
Bce mpomssegennst Xq(t)e, roe Xq(t) — (n x d)-marpuna us CF(T), ¢ — BeKTOp NPOM3BOJIBHBIX
TTOCTOSTHHBIX, SIBSIOTCs pererusaMu JIAY, u #a otpeske T HeT apyrux perennii. MuHIMAaIHEHO BO3-
MOXKHOE 3HAYEHHUe IeJI0YNCIeHHOrO mapaMerpa d HasbiBaeTcs pasmeprocmyio TP cucremsr (1). ITP
omuopognoro JTAY (1) 6eckoneuromepro, ecam OHO CONEPKUT OECKOHEYHOE KOJMYECTBO JIMHEHHO-
HE3aBUCUMBIX PeIICHU.

Beigesinm kitace suHeitabix JIAY, nanbosee 6sm3kux 1mo cpoiicrBam kK cucremam OJLY B HOP-
masbHOl dopme (dopme Kormn).

Oupenenenne 4. Cucrema (1) umeem pewernue muna Kowu na orpesge T, ecsim oHa paspe-
umMa Jyis Ji060ii BekTop-dbynxiuu  f(t) € CF(T) u eé permenus: npeICTABEMBI B BUJIE JTHHEHHOI
KOMOMHAaIIIT

x(t,c) = Xq(t)e + (), (7)
rie X4(t) — (n x d)-marpuna us CF(T) co croitcrom rankdy_1[Xg(t)] = d ansa moboro t € T,
dj—1[.] — oneparop u3z dpopmy (6), ¢ — BEKTOP IPOU3BOJIBHBIX OCTOSIHHBIX, (1) — BeKTOP-DyHKIHs

co cpoiictBoM Ag)(t) = f(t), t € T, u Ha mobom nogorpesre Ty = [ag, So] € T Her pernenwuii,
orT4IHbIX 0T Z(t, C).
IIpumep 2. Paccmorpum ommoposmoe JTAY

= 1 2\ . 1 2
Alac::(() O>x+<1 ;)ZC:O, teT =11,2],

rae v — napamerp. Jlus jgoboro v # 1 B ompenesienusx 3, 4 umeeMm, aro d = 0. FEem v =
= 1, To B Kauecrse Gasuca IIP moxHo B3sTh BekTop-bynkuuu ¢;(t) = (2t7, )", j € NJ{0}.
N3 Buma Gazuca ciemyer, uro dimker Ay = 0o, u OJHY U3 KOMIIOHEHT PEIEHUST MOXKHO B3SITb B
BHJIe TPOM3BOJILHOM BekTop-bynkmu n3 CH(T).

Onpenenenue 5. Eciu cyiecTByoT oneparopsr

l r

Q=S L0/, Q=3 Ri)(d/dty,

J=0 J=0

JUNOOEPEHIINMAJIBHBIE YVPABHEHIA tom 59 Nel 2023



CBOWICTBA BBHIPOYKJAEHHBIX CUCTEM 19

rae Lj(t), R;j(t) — (n x n)-marpunst u3 C(T), obiagaomniye cBOCTBAME
Y oAw=Aww, ApoQu=A~Aw s moboit v= u(t) € CVR(T),

Ao =38 A0 D (1), Ao =S8 Ao (t), v= {1 wm r}, Ai(t), A;(t) - nexoropwie (nx
xn)-marpuipt u3 C(T), det Ap(t) # 0, det Ay(t) # 0 must moboro ¢t € T, TO OHU HASBIBAIOTCS
AEBHIM U NPasbM pezyaspusupyrousumy onepamopamy (JIPO u IIPO) ms cucremsbr (1), a HauMeHb-
e BO3MOXKHbIE [, 7 Ha3bIBAIOTCH €€ undekcamu (JEBBIM W IIPABBIM).

Bameuanne 3. Huke npunmmMaercs, 9ro mHIekc omeparopa Ay co cpoiicrBom det Ak (t) # 0
npu BcexX t € 1T’ paBeH HYJIIO.

ITpumep 3. Pacemorpum J1AY

(G E) 6 YE) ) e

Yuuoxkus JJAY na marpuny L(t) = <—1t (1)> ¥ BBIPA3WB KOMIIOHEHTY X1 4Yepe3 Iy, CUCTEMY

pacierisieM Ha auddepeHImaabHoe U ajIredpanieckoe ypaBHeHUs
(v = ta1 (1) + 2yx1(t) = f1,  @2(t) = ytw1(t) + fo, teT, (9)

e f1=2fi+tfi — fo, fo= fa(t) —tfi(t). lpu v = 2 BummM, 9TO perreHne cucTeMbl (8) Tuma
Komm cymecrsyer, d = 0, ungexc | = 2, u npu mobbix f € C?(T) BbINOIHAETCS PABEHCTBO

1\ _: . (1/2 0 t/4  —1/4\ ;
<x2> =Mf= < t 0) I+ <t2/2 —t/2 I
B xauecrse JIPO MoxHO upunsts oneparop o = (d/dt)A;.
[Ipu v =1 omuopoauas cucreMa (8) uMeeT ceMefiCTBO PEIIeHnil u3 onpeeaeHus 3:

Xt = < tngbll((tt)) t@z%) ¢ o= <2> cR?,

vie ¢1(t) = {0,¢ € Ty;t%,t € o}, do(t) = {#*,t € Ty;0,t € To}, Ty = [-1,0], Tp = (0,1]. Yepes
rouky (21(0),22(0))" =0 upoxoauT 6ECKOHEUHOE YUCIO PElleHHuii.

Eciu moporpesok Ty = [, fo] € T obmagaer ceoitcrom 0 ¢ Ty, o JAY (8) upu v = 1
na Ty mmeer pemenne Tuia Kommu, rne d = 1, ungekc | = 1. B kagecrBe JIPO MOXKHO HPUHATH
oneparop Q = diag{1, (d/dt)}L(t). C ncnonbzoBannem dopmys (9) perrerne MOXKHO 3alncarb B
sIBHOM (bopme.

BBeiéM MOHSTHST W IIPUBEIEM YTBEPXKIEHUs, TO3BOJIAIONINE BHIYUCUTEL UHjeKC JTAY un Koad-
¢unmenter JIPO.

Ounpeaesienne 6. CoBoKyIHOCTE caMoii cucrembl (1) 1 eé IPOU3BOHBIX 10 MOPSAIKA | BKJIIOYH-
renbHo di[Agz— f] =0, t €T, rne d;[.] — oneparop u3 dopmyi (6), HaspiBaeTcs i-npodoasrcerHol
cucmemot (1).

C ucnosibzoBanmrem Gopmyit (6) -IIPOTOIKEHHYIO CUCTEMY 3aIlUIlleM B BHAJE COOTHOIICHUI

k

Di[Alziyr = Y (05, Mi[4;],0))zik = (Bi, Ti[ A aiys = dil £ (1)), (10)
=0

rne A = (Ag(t), Ag-1(t),. .., Ao(t)), marpuna D;[A] umeer pasmepnocts [n; X (i + k + 1)n],
mysesele Marpunel O, O; umelor pasmeprnoctu [n; X jn|, [n;x (k—j)n|, n; =n(i+1), j =0k,
COOTBETCTBEHHO, Ttk = diyk[x], B; = B;(t) — 6ok pasmepnoctu [n; x kn|, I';[A] — 6Giouno-

TpeyroJibHas KBaJpaTHasi Marpuia ¢ 6jaokamu Ay (t) Ha quaroHasm.

JNOOEPEHIIMAJ/IBHBIE YPABHEHUA tom 59 Nel 2023 2"



20 YUCTAKOB, YACTAKOBA

Hasee HaM moTpebyeTCcsT CBOMKA CJAEIYIONINX PEe3yIbTaToB: TeopeMbl 1, 2 u jeMMbl 4, 5 u3 pa-
Gorer [7] u semmbl 4.1-4.3 u3 paborsl [5]. s Toro arobbr ¢hopMyIMpoBaTh ITH yTBEPKIEHUS B
6oJiee KOMIIAKTHOM BHJIE, OCIa0UM TpeOOBaHUA Ha IJIAIKOCTh BXOIHDBIX JAHHBIX.

Teopema 1. ITyemwv 6 JAY (1): Ai(t) € C*™(T), i =0,k, f(t) € C™T), m = kn. Tozda
mpu ycaosus wa cucmemy (1) na ompesxe T axeusasenmmvl:

1) na T onpedeaeno pewenue muna Kowu;

2) nwa T onpedeaén JIPO;

3) na T onpedenén IIPO.

Caencreue 1. [lycms das npousseederusn onepamopos N, = H;Zl Ag;, t € T, onpedenén

JIPO. Tozda dan xastcdozo commostcumens Ny, j = 1,3, t €T, onpedeaén ceoti JIPO.

Bonee Toro, ecnm Ajsi KaXkJI0ro orepaTopa Ak]., j =1,i, t € T, onpenenén JIPO, T0 nns
omeparopa mpouseesnenns A, ompemenén JIPO.

CaencrBue 2. [lycmov onepamop Ay, t € T, asasemca JIPO das onepamopa Ay,, t € T.
Tozda nawarvran 3adavwa Ag,v =0, t € T, v(j)(a) =0, j =0,k —1, umeem na ompesxe T
MONBKO HYAEB0E PeULeHUe.

Cnencreue 3. Ilycmy das xasicdozo onepamopa Ay, j = 1,4, t € T, ¢ mampuyamu-xo-
appuyuermamu uz C(T) onpedeaén JIPO. Toeda das npouseederusn A, = H}:1 Ag;, teT,
CNPasedauso pasercmeo d, = Z;:o dj, 2de dy, d; — pasmepnocmu IIP onepamopos A, u Ag;,
teT, us dpopmyav (7).

3amedanue 4. YTBepKIeHNE, SKBUBAJIEHTHOE CJIEICTBUIO 3, BIIEPBbIE JOKA3AHO IIPU aHAJIUTH-
YeCKUX BXOJHBIX JaHHBIX Jyist JIAY nepsoro mnopsizika B crarbe [21].

K coxasennio, mer moka obieit ¢hopMysbl, KpOMe HEKOTOPBIX YACTHBIX CJIy9aeB (CM. HUKE
JeMMy 4), O3BOJISIIONIEH BBIUMUC/UTE WHJIEKC IPOU3BEIEHHsI IIPOU3BOJIbHBIX onieparopos JIAY mo ux
nHIekcaM. NHIeKe mpousBeeHns MOKET MEHATHCA B IIUPOKHUX IIPeJiesiax, HalpuMep,

(B — (d/dt)NY = By, — (d/dt)jN, [E, — (d/dt)N] o [E, + (d/dt)N] = En,

rie N — mocrosmHas MaTpuna co csoiicrsom N2 = 0, omeparop FE, & (d/dt)jN, j € N, mmeer
WHJIEKC 2.

Teopema 2. [Tycmov 6 JJAY (1) svnoarenv ycaosus meopemuvi 1 u aeewii undexe JJAY pasen .
Tozda:

1) npaswoiii u aeevili undekco, JJAY pasroe u cnpasedauen, nepasercmea 0 <1 < kn;

2) 6 opmyne (7) sexmop-dyrryus umeem 6ud

t

t
w(t):/ (t, s ds+ZC OFO1), 1>k w(t):/K(t,s)f(s)ds, L<k (1)

«

ede K(t,s), C;(t) — nexomopuie (n x n)-mampuywe, t €T, (t,s) €T xT.

Bameuanne 5. Crocobbl BBIYHUCICHNs HHIEKCA (J€BOro) W MarpuaHbix Koadddurmentos JIPO
MOXKHO HaiiTu, Hanpumep, B crarbe [7|. Ilpn Beraunciennn IIPO nmyxHO pemars TAY ¢ marpuna-
Mu K03hOUIMEHTOB B KadecTBe NCKOMBIX Besimund [22]. Tlosromy stor meros npusenenus: JTAY k
HOPMAaJILHOI OpMe B HACTOsIIIee BpPeMs IIPEICTABISAET TOJBKO TEOPETUIECKUI HHTEPEC.

Jlemma 4. [Tycmo 6xodnwie danrvie onepamopos Ay, t € T, j = 1,i, obaadarom docmamonoi
anadxocmoio. Toeda:

1) undexc onepamopa Api; = (d/dt) Ay, t € T, pasen undexcy Ag, t € T, npu aobom j = N;

2) ecau undekxco, commoocumenet Ag;, t €T, ne npesocrodsm edunuyol, mo undexc onepamopa

A, = H;‘:1 Ag;, t €T, ne npesocrodum i

3) ecau undekco, commoorcumenets Ak]., t € T, wne npesocrodam kj, mo undexc onepamopa
A, = H;Zl Ag;, t €T, ne npesocrodum v. Boaee mozo, undexc npoussederus (H;’:1 Ag;) o Ay
ne npesocrodum undexca onepamopa Ay.

JlokazarenbcTBa CJIeJCTBUil BbITEKAOT U3 BHa (HopMyJibl obpamienus (11), B KoTopoii npu Bb-
nosmennn yciosust | < k orcyrersyior oneparopst Cj(t)(d/dt)?, j > 1.
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Bameuanwne 6. Eciiu JIAY (1) umeer pemenne tuna Ko, To coxpaHsiioTcst BaxKHefime cBoii-
crBa JsmHeitnbx cucrem OJIY B HOpMasbHOIT dopme: 1) MHOXKecTBa pereHuit Ha orpe3kax 1 u
To = |ow, o] C T cosmagaor (OTCyTCTBYeT “mamsATh’); 2) eciam depe3 3aJaHHyio TOUKy (b €
e R t, € T) upoxomur pemerne JJAY, To ono enumacTBenHO Ha T, TaK KaK pelIeHUE CHCTEMBbI
Xg_1(ts)c = b — p_1(t.) orHocurembno BexTopa ¢ emmucTsenno: rankXy 1(t.) = d < kn s
jgroboro t, € T, Tre kal(t*) = dkfl[Xd(t)], P = dk,1[¢(t)].

9T0 1 00YCJIOBUJIO TIOSIBJIEHHE TepMUHA “‘pertenne Tuma Kormm”.

Jlemma 5. Hauanvnasa 3adava (1), (4) 6 ycaosuax meopemo 1 paspewuma mozda u moavko
mozda, k020a 0as Hexomopozo sexmopa ¢ € R™  swnoanens, coommowenus

rank Gj_1 = (rank Gj—1 | h — g), (12)

2de Gg—l = Flfl[A”t:a, h= dlfl[f(t)”t:a, g = Bl,l(a)[P,;a;C + (Enk - P;P:C)C]

Boaee mozo, ecau 6eKMOp ¢ GbMUCAAEMCA €OUHCMEEHHbLM 06PA30M, MO PEULEHUE HA%ANDHOT
3a0a4u eOUHCTNBEHRHO.

Pacemorpum 3amaay Kommm, tie Py = B, a; = a. Popmyna (12) sBisiercss HEOOXOIUMBIM 1
JIOCTATOYHBIM YCJIOBHEM BbloJiHeHust pasencrsa Dy_1[A]dgy—1]z] = dj—1[f] B Touke ¢ = a. Co-
riacHo pasbuenuto Marpuibl Di_1[A] B dopmyste (10) 910 paBeHCTBO SKBUBAJIEHTHO PA3PEIIIMOCTH
CHIAY Gi_1Z =h— B;_1(a)a, Z=di_1[z®]|;—q.

Ecimn Beectn Bexrop-bynkmun 23 (t) = (d/dt) [Ayz — f], t € T, i =0,] — 1, T0 oHu B cuiIy
CKA3AHHOTO BbIIIe y10BIeTBopsior yeaosusm 2D (a) = 0. Hauambmas 3agada

Qz=0, teT, z29()=0, i=01—1,

rae € — JIPO ayist cucrembr (1), uMeer COrIacHO CJIEACTBUIO 2 TOJILKO OJHO pelleHne z = z(t) =

= [Agz — f] = 0. JAY Apz = f umeer pemenne tuna Komm. CJIAY Xk,l(a)x =a— &k,l(a),

rue Xk,l(t) = dg—1[X4], &k,l(t) = dj_1[¢)], umeer euHCTBeHHOE perenue Y. Jlyisi 3aBepiieHust

JI0KA3aTe/IbCTBA He0OXOAUMO IIPUMEHNTD JIEMMY 1, U3 KOTOPOIl CJIelyeT, 4TO Bce Hada/lbHble BEKTOPbI

npuHa IeRar Muoroobpasuio P, az+(FEo— P, Py)c, T1e BEKTOp ¢ IpoberaeT Bee 3HATEHUs U3 R"k,
IIpumep 4. PaccmorpuM HaYaIbHYIO 3302y

== (0 2). 24+ 1\ [ (2+7)e + 5e*t B
Alx_AlHAOx_(o 4>x+<4+4v 4>x_<(4+4v>et+12e2t o ter=0.1) 0 {3)

Pyx(a) = (1,2)x(0) = ay = 3.

Ecmu v # 0, To unmexe JJAY [ = 1, pasmepnocts [IP d = 1, B xagecrse JIPO MoxKHO TpUHATD
OTIepaATOpP

Q) = diag{L, (d/dt)}L, L= <_12 (1)>

Marpunpl 1 BekTopsl B dopmyie (12) mmeror sux Go = Ay, By = Ao,

_ 1 _ —2c c 7T+ 342
P, %:(0).3, (Ey — P, Px)c:< c;), c:<c;>eR2, h:<16+zv>, g:<4+8z> co.

U3 ycnoBust pasercrsa panros (12) ciaenyer ypasaenue (1 —2y)co =1 —2v; ¢ = 1 s aro6oro
v # 1/2. Wrak, ns moboro v # 1/2 umeem

2(0) = Py ay + (By — Py Pp)e= (1,1)", x= (', e*)".
Eciu v = 1/2, to ymuoxenunem JJAY (13) na marpuiyy L BbIeanM agrebpandeckoe ypaBHEHIE
(1,2)z = et + 2¢?t. t € T, u HauaybHOE YCJIOBHE sABJISeTCs ero ciaeiacrsueM npu ¢ = 0. Havanbnas

3ajiava COBMECTHA, HO €€ PellleHre HeeIMHCTBEHHO.
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Ecim v =0, to d=0, [ =2. B dopmyse (12) Marpuripl u BEKTOPbI UMEIOT BU/L

G = @; 14(31)’ By = <f(_1)0>’ h=di[f(t)]|i=0, P, az= <(1)> 3, (Ba—P; Py)c= <—62202>.

[Tponenas anajornvnble BBIKIQAKN Opu | = 1, momyunm, aro co = 1, x(0) = (1,1)".

4. O6mine cBoiicTBa BbIpoxkAeHHbIx cuctem WUJLY. Ilo anamornu ¢ JIAY BBeméM cremyro-
[IUe TTOHSITHUSI.

Oupenesienne 7. [Ipocrpancrso permenuii omHopoHoii cucremst LY (3) xoneurnomepro, ecim
Bce mpomsseenns Yy(t)e, rme Yy(t) — (n x d)-marpuna uz CH(T), ¢ — BeKTOD NPOM3BOJIBHBIX
IIOCTOAHHBIX, SBJIAIOTC pemtenusamu cucteMbl VY, u na orpe3ke T HeT APyrux perieHuit.

MuHuMa/IbHO BO3MOXKHOE 3HAYEHUE TEJIOYUCIIEHHOIO TapaMeTpa d HA3bIBAETCH Pa3dMePHOCbIO
ITP cucremsr (3). ITP oxropoauoii cucrembr VTV (3) GeCKOHEUHOMEDPHO, €C/I OHO COIEPIKUT HECKO-
HEYHOEe KOJIMYECTBO JIMHEHHO-HE3aBUCUMbBIX DEIIeHUI.

Onpenenenue 8. Eciu cyiecTByoT oneparopsr

0, = Zgj Li(t)(d/dty, Q, = r R;j(t)(d/dt),
j=0 Jj=0

rae Lj(t), R;(t) — (n x n)-marpunst u3 C(T), obiagaomniye cBoiCTBAME
Quo (A +V +A0)v = (A +V +A0)v, (Ap +V +A®) o Qv = (A + V + A0,

v =0(t) € CYT*(T) - npoussonbuas sexTop-byHKImMsa, v = {0 mm 7}, BXOJIHBIE JAHHbIE OIEPATO-
poB (Ap+V+A®), (Ax+V+AP) npunagrexar npocrpancrsam C(T), C(T'xT) cooTBETCTBEHHO,
crapime KodddurmenTer oneparopoB Ay, Ag yIOBIETBODSIOT yCJIOBUSIM

det Ag(t) #0, det Ay(t) #0 s mobGoro te T,

TO OHU HA3BIBAIOTCS AEBbLM U NPABHIM PELYAAPUSUPYIOULUMU ONEPAMOPaMY, i cucTeMbl (3), a
HAMMEHbIIE BOBMOXKHBIE 0, T HA3BIBAIOTCS €€ undexcamu (JIEBBIM U IIPABBIM).

Jns cucrem MY TepsieTcst 9acTh BaKHBIX CBOHCTB obmux permennii JIAY ¢ permrennem tuma
Komm, ormMedennbrx B 3amedanun 6.

IIpumep 5. Paccmorpum ogHOMEPHBII IpUMeED

t
J(®) —|—/b2y(s) ds—=0, teT=[0.1], y(t.)—a, t.eT.
0

O6mmee permenne 3iaech mveer Bun y(t,c) = ccos(bt), ¢ € R, Hawambmas samada ¢ ycaoBueMm
y(0) = a umeer emuucrsennoe pemenne y(t) = acos(bt) npm mobom a € R
Ecim a # 0, t. > 0 u t.b = 7/2, 10 337a4a He umeer Ha orpeske [0,1] pemenuii, Tak Kaxk
y(ts) = 0. B caywgae y(t,) =0, t.b=7/2 Buamm, aro y(t,c) = ccos(bt) mpu mobom c € R
IIpumep 6. Paccmorpum ypaBHeHuS

t
00(t) + v(t) — /v(s) ds=1, 0y(t)+y(t) — /y(s) ds=1, teT,

KoTopeie mmeior permerms v(t) = 1/(1 —7), 7= 8 —a, y(t) = e, B onmrume or JTAY c
pemenuem Tumna Komm VY “moMuAT’ 0Tpe30K, HA KOTOPOM OIPEJEIEHbI, U IPU ITPOU3BOJIbLHBIX
cyxkenusix orpeska Ty C T pereHusi MEHAIOTCsI (UM MOTYT BOODIIE HE CYIIECTBOBATD).
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IIpumep 7. Paccmorpum cucremy

wrvi= (3 5o+ (3 3)wo +/€—s " (5 5) s =),
0

e t € T =[0,1], f(t) € C**2(T). 3neck onpenenén JIPO B cMbic/e onpejieeHus 8, a UMEHHO,

0p = <(1) <d/d?>v+2> <—14 (1)>

IIP cucrempr Ajx = 0, t € T, Geckoneunomepno. B kauecrse Gasuca TP moxkHO B3ATH HabOD
BekTOop-bynkiumit ¢; = (t/,—t7)", j € N|J{0}, JIPO mnsa omeparopa A; me cymecrsyer. s
paspemmMocT paccMarpuBaeMoit cucreMbl MY HEOOXOANMO BBIMOJTHEHUE YCIOBUST

(d/dt) [f2(t) — 4f1(t)]}i=0 =0, j=0,v+1.

Wrak, B ormune or JAY cymecrsopanne JIPO njs omeparopa BuIpoxaeHHOR cucrembl 1Y
He TapaHTHUPYET €€ pa3permMOCTDb IIPU CKOJIb YTOJHO TUVIAJKAX BXOJIHDLIX JAHHBIX U B ODIIEM CJIydae
nagexc MY wme orpammden gucioMm nk. B ciaydae nammero mpumepa v MOXKHO 33JaBaThb IIPOU3-
BOJIBHO.

IIpumep 8. Paccmorpum cucremy

t
(1 49V = i)+ )+ [ Atytoras = 10 = (J). 1T =00
0

e

A1:<8 é) =0, f(t)eCAT).

Pemenne y = (y1(t), fa(t) 7f0 y1(s)ds)™, tne y1(t) = [f1(t) — f2(t)]/(1 — ), enuncrBenno. s
omeparopoB Ay, (A1+7V), v # 1, onpenesnenst unaekcer [ = 2, o = 2 B CMBICJIE OnpeesieHnii 5, 8.
Baecs | > k, k = 1. Ilpu v = 1 IIP cucremsr (A; +V)y = 0, t € T, GecKoHEIHOMEPHO.
B kauectse Gasuca Moxkuo npuusaTh ¢;(t) = (—jt/~1,#)*, j € N. He cymecrsyer JIPO u jyist
coBmecTHOCTH cucrembl VIJTY Heo6xomumMo Bbmosenne yeaosust fi(t) — fo(t) =0, t € T.

Ounpenesienne 9. CoBOKYNHOCTH cucTeMbI (3) U €€ IIPOU3BOHBIX JI0 HOPSIIKA § BKJIIOUUTEIb-
HO di[(Ax +V + A®)y — f] =0, t € T, tue d;[-] — oneparop uz dbopmys (6), HasbBaeTcs -
npodoasicernnot cucmemoti (3).

[TpojokenHyIo cucreMy u3 onpejienenus 9 ¢ ucnosb3oBanneM (opmylibl (6) 3amnuiem B Buje
paBeHCTBA

t t
Di[A, Klyirr + /dz s)ds +)\/dz y(s)ds = diF(1)], (14)

«

rIe

Di[A,K] = D;[A] + ZMi[ijl]gfjﬁ = < " 8)’

= En(iJrl*]')

HyJ/IeBble O10Kn B Marpuiie £_;j ypaBHHBAIOT Pa3MEPHOCTH CIaraeMbix Marpuil, Qj_1 = Qj_1(t) =
= O7IC(t,8) /0 =5, yirk = diyi[y]. Huxe ucnonssyercst anaor paséuenns us dopmyst (10):

Di[A?K] = (Bz(t) fZ[AJC])
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Jlemma 6. ITycmo das cucmemv, LAY (3) svinoanens, ycaosus:
1) seeviii undeke onpedesén u paser o;
2) rankI';[A, K] = const, t e T.

Toeda, HavwuHaa ¢ HEKOMOPO20 1 = 0, CNPABEIAUBO PABEHCINEBO

~ - E
Fz_ [A, K:]Fz [A, IC] = <221T(Lt) ZQS@))’ te T, (15)
20e nepevie N cmpok mampuv T o [A, K], pasbumuie na (n x n)-6a0xu, ModHCHO NPUNAMD 6 Kave-
cmee Koappuyuermos JIPO das cucmemwvl (3).
HdokazarenbcTBo. U3 onpesesennst 8 ciemyer, 94T0, YMHOXKHUB CTPOKU MaTPHUILBI fi[A,IC] Ha
koapurmentsr JTPO 1 C10:KIB X, HOLYYIM MATPHILY ¢ IIepBoil 610unoii crpokoii (A (t),0,. .. ,0).
Tak Kak umeer Mecto Hepasenctso det Ay(t) # 0 aust moGoro t € T, sumum, uro B8 CJIAY

[,[A,K]Z=0, teT,

IIepBBIE 11 KOMIIOHEHT BEKTOP-(PYHKIMU Z € HEOOXOIUMOCTBIO PAaBHBI HyJ0. 13 teMMbl 1 u ycsioBus
o mocrosiHcTBe panra Marputpt 3roit CJIAY cienyer, uro naiinéres marpuna I',[A, K] myzxuoit nam
rnagroctn u Bee pemterns CJIAY ommcniBatoTest (hopMy.Toit

Z = {En(g+1) - fg[Aa K]fQ[A7’C]}u7 teT,

rJe U — IPOU3BOJIbHASI BEKTOP-(PYHKITNsT TOAXOIsIIE pasMepHocTH. V3 3TOro COOTHOIIEHUS CJIe/lyeT
CHIPaBEJJIMBOCTD paBeHCTBa (15) U yTBEPXK/IEHUS B [EJIOM.
OnmireM caMblif TPOCTON KJIACC BBIPOXKIEHHBIX cucTeM juHeiiubix VLY obiero Bumga.
Teopema 3. [lycmov daa cucmemor HJIY (3) evinoarensv ycaosus:
1) onepamop Ay us cucmemwi (3) ydosaemeopaem ycaosuam meopemv, 1 u €20 ae6will undexc
paser | < k;
2) K(t,s), K(t,s) e CHT xT), f(t)eCHT).
Tozda: ~
1) 6 xavecmee JIPO ), daa onepamopa cucmemo, MY (3) moorcno npunamo onepamop C;
2) cucmema (3) npu XA =0 paspewuma u €€ obwee pewenue umeem cmpykmypy 6uda

y(t,c) =Yy(t)e+ p(t), teT,

ede Yy(t) = (En+V)Xa(t), @(t) = (En+V)Y(t), V — nexomopwuii onepamop Boavmeppu, Xq(t) —
mampuya, P(t) — eexkmop-Pynkyua, ¢ — 6eKMOpP U3 ONPedEACHUA 4;

3) cucmema (3) paspewuma npu 6cex A, 3a UCKAOUEHUEM HE BONEE UEM CUEMHO20 MHONCECTNEA
snavenuti \j, j €N, u eé obwee pewernue umeem cmpyxmypy euda

y(t,e) =Yy(t)e+&(t), teT,

ede Yq(t) = (En+AW)(E,+V)Xq4(t), £(t) = (En+AW)(E,+V)(t), W — nexomopuiti onepamop
Dpedeosvma, 0 < [A| < |A2| < ...

HokazaresbeTBo. [Ipsamoe Boluuciienne nokaseibaeT, 4To 1npu [ < k clipaBejiiBo PaBeHCTBO
I'A] = I[A, K], u3 KorOoporo coriacHo Jjemme 4 cjejyer CIpaBe/InBOCTb yTBEPXKIeHus 1) Te-
OpEMBI.

Bammrmrem cucremy (3) B BHJe PaBEHCTBA

Ay=-—Vy—A0y+ f: Ay =w(t), teT,
rie w(t) = — foilC(t, s)y(s)ds — )\faﬁ K(t,s)y(s)ds + f(t). Ucnombaysa dbopmyibl obpaienus (7) u
(11), ¢ yuérom ycioBusi | < k 3anuineMm BbIpayKeHUE

t
Yt o) = Xa(t)e + /K(t, syw(s)ds + Co(tyw(t), teT.
0
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CoracHo yTBepK/eHusIM 13 MoHorpadun [23]| npoussejeHue oneparopoB Bosbreppsl siBJIseTCs
onepaTropoM Bosbreppsl, poussejenne oreparopa Bosibreppst u orepatopa Ppejirosibma — onepa-
topoMm Openrosnbma. Takum 06pa3oM, MOJIYUEHO HHTErPAJIHLHOE YDABHEHUE BUJIA

:/t WL, s)y ds+A/BW s)ds + C(t), (16)

e
s t

W(t, s)y(s) ds :/t[K(t,S)/’C(S,T)y(T)dT ds—i—/C’o(t)lC(t, s)y(s) ds,

W(t, s)y(s) ds:/t [K(t,s)/K(s,r)y(r)dr ds+/00(t)K(t,s)y(s) ds,

C(t) = Xalt)e + / K(t,5)f(s)ds + Co(t) £ (1)

Hnst cucrembr IY (16) mpu A = 0 B kuure 23] npusesena dopmysa, u3 KOTOpOii cieyer, 4ro
t
t0) = (B +VIC= 60+ [ W(t.5)G(5)ds, (1)
«

rae W (t,s) — pesombBenTHOe siapo s cucrembl (16), ¢ = ((t). U3 dopmymst (17) BbrTekaer
CIIPABEINBOCTDL YTBEPKEHUsT 2) TEOPEMBI.
Hoxkaxkem yrBepxkaenue 3), korma A # 0. 3ammiiem cucremy ypasHenuii (17) B Bujie paBeHcTBa

B
y(t) = / W (t, $)y(s) ds + (En + V)C(0). (18)

B cuny npasuia ymuoxkenust orieparopos Bosbreppsl u @penronbma cucrema yparaenuii (18) siB-
Jisiercst cucremoit ypasuenuit @pejrosibma Broporo poga. M3 storo dakra ciejyer cripaBeJinBOCTb
yTBepxIenus 3) reopeMbl. Teopema mokazaHa.

ITpumep 9. OGparum BHUMaHHE Ha CJiejyioliee obcTodaTenbcTBO. [Ipu mepexoje oT cucreMmbr
UMY k cucreme MY (17) Mbl HesiBHO HpejtmosaraeM, uto B nocaeaueii y € CF(T). Jleiicreurensuo,
IIPEIITOJIOXKEHNST O TJIAIKOCTHA BXOJHBIX JAHHBIX rapanTupyioT 31o. Ho mis cucrem VLY co ciraboit
0CODEHHOCTBIO B sijipe 9T0 He Tak. Paccmorpum cucremy WY

e (3 ) (206 D) ()« fren 6 ) (58) - ()

e t € T =[0,1], p(t,s) = (t —s)77, 0 < v < 1. Ununexc oneparopa Aj paBeH eauHHIE
U yIOBJIETBODPsieT ycaoBusM Teopembl 3. Ilpeamosoxkum, aro v = 1/2; u npomuddepennupyem
BTOpOE ypaBHEHHUE 10 t, B Pe3yJbTaTe IOJIY UM

»

t
U2(t) + 32(0) + ! Ua(s) = fa(t), teT.
Vi V- O/
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U3 ucxomnoro ypasHeHus ciaeiyet, 9to y2(0) = f2(0). Yenosus fo(t) € CH(T) nnsa somonnenus
srmouennit y1(t),y2(t) € CHT) smech mao. Heobxomumo emg soimomHenne yeaosus fo(0) = 0.
Hokaxkem yTBepxkIaeHust 0 pazpemumoctu cucrem VY npu 6osiee 00X IPEIIIONOKEHISX.
Teopema 4. [Iycmv daa cucmemot (3) npu X =0 6vinoanervt ycaosus:
1) Ai(t) € C?(T), i=0,k, K(t,s)eC?*(T xT), f(t)e€C(T);
2) eywecmeyem JIPO Qg u3 onpedeserusn 8;
3) rankDg_l = (rankDQ_l ‘ h), DQ—I = Dg_l[A,IC”t:a, h = dg—l[f(t)”t:a'
Tozda:
1) cucmema paspewuma u €€ obwee pewenue umeem 6ud

y(t,c) = Ya(t)e +£(), (19)

2de Yy(t) — (n x d)-mampuua uz C¥(T) co ceoticmeom rankdy_1[Yy(t)||li=a = d, ¢ — eexmop
NPOUZEONLHYIT NOCTNOAHHIT,

o—k ¢
SO0 19 (1) + / K(Ls)f(s)ds, o>k €(t)=Vf, k>o

=0

§(t) = Aok + V)

<

K(t,s), Cj(t) — nexomopwe (n x n)-mampuyw, t €T, (t,s) €T x T}
2) cywecmesyem IIPO, npuuém npasvili u se6vili undexco, cucmemol (3) pashoL.
HokazaresbcTBo. Yesosue 3) TeopeMsl siBiisiercst yeaosueMm Kponekepa—Karesum u o3Hadaer,
YTO IIPOU3BOJHBIE HEBSA3KH, BEKTOP-(hYHKIMN

Z0) = (d/dt) [(Ay +V)y—f], teT, i=00—1,

yaosiersopsior yeaosusiM 2 (a) = 0 B ety dopmysr (14).
Hauanbaas 3a1a49a

Qpo(Me+V)y= A+ V)y=0, teT, yY(a)=0, j=0k—1,
UMeeT TOJIbKO OiHO perterne y = y(t) = 0, Tak Kak cucrema
A +V)y=0, teT,
NpUBOAMMA K HOpMauibHOiT popme. OTciona ciemyer, 9To Hada bHast 3a/1a9a
ng =0, teT, z(i)(a) =0, i=0,0—1,

TaKzKe UMeEeT TOJILKO OHO perenue z = z(t) = 0.

Takum obpasom, ucxoguoe ypasuenue (A + V)y = f, t € T, umeer no KpaiiHeii Mmepe 01HO
pertieHue npu Jio6oM cBobogHOM wiene f = f(t), yAOBIETBOPSIONIEM YCJIOBUIO 3) TEOPEMBI, TaK
kak 2 = (A +V)y—f, teT.

Iastee, obiiee periieHne CUCTEMBI HEBBIPOXKAeHHBIX VY

Qo (A +V)y=Ae +V)y=Q,f(t), teT,

UMeeT BUjL
gt,c) =Y (t)e+w(t), w(t) = /\Il(t, 5)[Qpf(s)ds, teT, (t,s)eT xT, (20)

rae Y(t) — (n x kn)-marpuna us C*(T) co ceoiicrBom det dy_ [V (£)]]i=a # 0, ¢ — BekTOp MpOU3-
BOJIBHBIX IIOCTOSIHHBIX, siipo W (¢, s) — HeKoTopasi (n X n)-MaTpuia co CBOHCTBOM

dU(t,s) )0t |=s =0, te€T, j=0,k—1. (21)
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Eciin nozicrasurs cymmy (20) B UCXOJHYIO CHCTEMY, TO MOJIYUUM CUCTEMY aaredpamdecKux ypaBHe-
it M (t)c =m(t), tne M(t) = (A +V)Z(t), m(t) = f(t) — (Ax + V)w(t), u cornacuo emme 1
BCe €€ DellleHusl IPeJICTABUMBL B BUJIE COOTHOIIEHUS

c=C0+ (Ep—C C)v aust moboro v e R,

B B
C= / M (s)M(s)ds, 0= / M (s)m(s) ds. (22)

[0

[MoncraBuB BIpakenue it ¢ u3 dopmyasl (22) B dopmyny (20) ¥ IPOMHTErpHPOBAB IO YaC-
M ¢ yaérom dopmys (21) BbipazkeHue st BeKTOp-byHKIWHA w0 (t), MOIYINM JOKA3aTEIbCTBO
yTBepxKIeHus 1) reopembl. MeTonbl 10Ka3aTeIbCTBA YTBEPKICHNS 2) TeOPeMbl MOXKHO HaiiTu B
monorpadun |5, semmer 4.1-4.3|. Teopema jokazana.

Caencrsue 4. IIycmov 6 ycaosuu 3) meopemu: 4 rank D, 1 = on.

Tozda cucmema (3) paspewuma npu 6Cex A, 3a UCKAOUEHUEM He DOAEE UEM CUEMMHO20 MHOIICE-
cmea snavenuti N\j, j € N, u e€ obwee pewerue umeem cmpykmypy cuda

y(t,c) = (En + AW)Yy(t)e + (B, + AW)E(t), teT,

20e W — nexomopwiti onepamop @pedzosvma.
HoxkaszaresibeTBo. amnmiieM cucremy (3) B BHJIe PABEHCTBA

A +V)y=-Xby+ f, teT. (23)
Panrosoe ycioBume rapanTupyeT paspemuMocThb cuctembl V1Y
A+ V)y=w, teT,

upu Jio6oil 3a1aHHOl TocTaTouHO IaAKol BekTop-byHKImn w = w(t). Wcnomassys dopmysisl
obpamienust (19), st cucrembl (23) 3aluineM BbIparkKeHHe

y=Yalt)e+ () + MAyp — V)By, teT. (24)

[Monpo6bHo Tpo/eaB BBIKIAIKT, yOerK 1aeMcs, 9To cucreMa (24) spisiercs cucremoit 1Y @penross-
Ma BTOporo poja. Pazperrast cucremy, yoexkmaeMcst B CIIPABEIJIMBOCTH CJIE€ICTBUSI.

st magasproit 3anaun (3), (4) npu A = 0 MoxkHO cHOPMYJIMPOBATH U JIOKA3ATH YTBEPIKJIE-
HUE O COBMECTHOCTH, aHaJormdHoe jemme 5. IIpm A # 0 BO3HMKAIOT TPYLHOCTH, OTMEYCHHBLIE B
3aMeYaHnu 2 U He MPEeoIoJIEHHbIe 10 cux nop. [Ipuseném odeBnaHoe yTBep:KIeHue.

Jlemma 7. Hauaavnas 3adava (3), (4) 6 ycaosuaxr caedemsua 4 paspewuma mozda u moavko
mozda, xoeda paspewuma CHAY

Vio1(a)e = ay — &,_1(a),

ede Yi_1(t) = Pydp—1[(En + AW0)Yq(t)], &—1(t) = Pydr—1[(En + AW()E(E)], ommocumenvrio
sexkmopa c. Ecau pewernue ¢ 0dno, mo pewenue 1auasorot 3a0a4u eOuHCmeerHo.

3ameyanmne 7. O6paTuM BHUMAaHUE, YTO B YCJOBHUSX TeOpeMbl 4 JIeBbIll OOPATHBIN OIIEPATOD
Ao +V x oneparopy cucrems (3) Ay + V asngerca WO c¢ BbIpoxkK/eHHON MaTpuieil mpu
crapmux mpon3BoAHbix. Ho moka Her yTBep:K/IeHuit 06 o6paTuMOCTH yTBep:KaAeHus 1) Teopembl 4
(aHastora TeopeMsr 1).

Takum obpasom, yciosue rank D, = pn rapanTupyet, uro cucrema VY (3) me comepzxut
TTOJICCTEM BHIA

t B
/ K (t, $)y (s) ds + A / Ky(t,s)yi(s)ds = fi(t), teT,

o «
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e Kq(t,s), Ki(t,s) — Hekoropble MaTpuIpl (B obimeM ciydae npsMoyroiababe), yi(t), fi(t) —
JIMHEHbIe KOMOMHAINN KOMIOHEHT BekTop-byukmit y(t) u f(t) coorBercTBeHHO.
ITpumep 10. Paccmorpum nBa mojenbubix MY

t 1 t 1
y(s)ds+ X [ y(s)ds = f(¢t), w(s)ds + A [ tw(s)ds = f(t), teT =10,1]. (25)
[roen] [roee]

[Ipu t =0 umeem HEOOXOUMBIE YCJIOBUS COBMECTHOCTHU

1
A [ y(s)ds = f(0), f(0)=0.
[

Huddepennupyst IV (25) o ¢, noaydaem
1
o(0) = f(0. w) <) [ u(s)ds= fo), te.
0

Pasbepém no konra ciydait ¢ permernem y(t). Iloacrasus y(t) = f (t) B ycioBHE COBMECTHOCTH,
IIOJIYyYUM PaBEHCTBA

1
A/f@MszMﬂn—fmnzﬂm.
0

Uraxk, nepsoe MY (25) paspemumo Torga u Toabko Torga, korga (1 4+ A)f(0) — Af(1) = 0. Ipu
A =0 3T0 cTaHAAPTHOE YCJIOBUE PA3PEIIUMOCTH yPABHEHUSI

¢
/y(s) ds = f(t), teT.
0

Beikaxn nmokasasu, 9ro B ciydae obmux cucrem VY (3) yeraosust Ha f(t) mMoryT ObITEH ciioXKHee,
YeM ycoBue 3) TeopeMsr 4.

[TosHblil aHAJIM3 BTOPOIrO ypaBHEHUS IIPEIOCTaBIseM IIpoBecTy ynTaresio. ObpalnaeM BHUMAHNE,
YTO IPUMEP UMEET HEHYJIEBbIE XapaKTEPUCTUIECKUE YHUCTIA.

3akJirouenue. OTMeTHM, UTO COMEPXKAHNE CTATHU SBJSETCS HOITOTOBUTEILHBIM MATEPUATIOM
JIUIsE TIOCTPOEHUsT YUCJIEHHBIX METOJIOB PellleHusl Hada bHbIX 3aja4 Buja (3), (4) Ha ocHOBe MeTO/Ia
HAMMEHBINNX KBaJPATOB WM POJCTBEHHOIO €My MeTOJa HOPMAJbHBIX CIiuiaiinos [16, 24]).

Pabora Boionnena npu dbuHaHCOBON 1O/ Iepkke MunncrepcTBa HayKu U BBICIIErO 0Opa30Ba-
nus Poccuiickoit @eneparun B paMKax rocaajganus 1o npoekTy “‘Teopus m MeTOIbI MCCJIeIOBAHUS
9BOJIIOIMOHHBIX YPABHEHUH U yIPABJSIEMbIX CUCTEM ¢ MX npuaoxkenusimu” (Ne roc. perumcrpaiyum

121041300060-4).
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